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A rather complete investigation of anisotropic Bessel potential, Besov, and Holder spaces on cylinders over 
(possibly) noncompact Riemannian manifolds with boundary is carried out. The geometry of the underlying 
manifold near its 'ends' is determined by a singularity function which leads naturally to the study of weighted 
function spaces. Besides of the derivation of Sobolev-type embedding results, sharp trace theorems, point-wise 
multiplier properties, and interpolation characterizations particular emphasize is put on spaces distinguished 
by boundary conditions. This work is the fundament for the analysis of time-dependent partial differential 
equations on singular manifolds. 



1 Introduction 

In we have performed an in-depth study of Sobolev, Bessel potential, and Besov spaces of functions and tensor 
fields on Riemannian manifolds which may have a boundary and may be noncompact and noncomplete. That as 
well as the present research is motivated by — and provides the basis for — the study of elliptic and parabolic 
boundary value problems on piece-wise smooth manifolds, on domains in K. m with a piece-wise smooth boundary 
in particular. 

A singular manifold M is to a large extent determined by a 'sing ularity function' p e C°°(M, (0, oo)). The 
behavior of p at the 'singular ends' of M, that is, near that parts of M at which p gets either arbitrarily small or 
arbitrarily large, reflects the singular structure of M. 

The basic building blocks for a useful theory of function spaces on singular manifolds are weighted Sobolev 
spaces based on the singularity function p. More precisely, we denote by IK either R or C. Then, given k € N, 
Ael, and p <G (1, oo), the weighted Sobolev space Wp' X (M) = W^ X {M, K) is the completion of T>(M), the 
space of smooth functions with compact support in M, in L\,\ oc {M) with respect to the norm 



Here V denotes the Levi-Civita covariant derivative and |V l u| g is the 'length' of the covariant tensor field V l u 
naturally derived from the Riemannian metric g of M. Of course, integration is carried out with respect to the 
volume measure of M. It turns out that WJf' (M) is well-defined, independently — in the sense of equivalent 
norms — of the representation of the singularity structure of M by means of the specific singularity function. 

A very special and simple example of a singular manifold is provided by a bounded smooth domain whose 
boundary possesses a conical point. More precisely, suppose £1 is a bounded domain in R m whose topolog- 
ical boundary, bdry(r2), contains the origin, and T :— bdry(f2)\{0} is a smooth (to — l)-dimensional sub- 
manifold of K m lying locally on one side of ft. Also suppose that Q U V is near diffeomorphic to a cone 
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{ry ; < r < 1, y € B}, where B is a smooth compact submanifold of the unit sphere in W n . Then, en- 
dowing M := 51 U T with the Euclidean metric, we get a singular manifold with a single conical singularity, as 
considered in 11351 and ll27l . for example. In this case the weighted norm ( II. Il l is equivalent to 

«-(Eii^ +H ^< P (.)) 1/P ' 

\a\<k 

where r(x) is the Euclidean distance from i€Mto the origin. Moreover, W p k ' X (M) coincides with the space 
Vp k \+k (^) employed by S.A. Nazarov and B.A. Plamenevsky l35l p. 3 19] and, in the case p = 2, by V.A. Kozlov, 
V.G. Maz'ya, and J. Rossmann (see Section 6.2 of J27), for instance). 

In we have exhibited a number of examples of singular manifolds. For more general classes, comprising 
notably manifolds with corners and non-smooth cusps, we refer to H. Amann (6). It is worthwhile to point out 
that our concept of singular manifolds encompasses, as a very particular case, manifolds with bounded geometry 
(that is, Riemannian manifolds without boundary possessing a positive injectivity radius and having all covariant 
derivatives of the curvature tensor bounded). In this case we can set p = 1, the function constantly equal to 1, so 
that Wp' X (M) is independent of A and equal to the standard Sobolev space W p (M). 

The weighted Sobolev spaces W p ' X (M) and their fractional order relatives, that is, Bessel potential and Besov 
spaces, come up naturally in, and are especially useful for, the study of elliptic boundary value problems for 
differential and pseudodifferential operators in non-smooth settings. This is known since the seminal work of V.A. 
Kondrat'ev j2~2| and has since been exploited and amplified by numerous authors in various levels of generality, 
predominantly however in the Hilbertian case p = 2 (see for further bibliographical remarks). 

For an efficient study of evolution equations on singular manifolds we have to have a good understanding of 
function spaces on space-time cylinders M x J with J € {K, M + }, where M + = [0, oo). Then, in general, the 
functions (or distributions) under consideration posses different regularity properties with respect to the space 
and time variables. Thus we are led to study anisotropic Sobolev spaces and their fractional order relatives. 

Anisotropic weighted Sobolev spaces depend on two additional parameters, namely r <G N x := N\{0} and 
/i € R. More precisely, we denote throughout by d = d t the vector-valued distributional 'time' derivative. Then, 
given k £ N x , 

w (kr,k),{\,v)( M x j) is the linear su b S pace of L ltloc (M x J) consisting of all u satisfying 

p A+i+j> |v*# u | fl G L p (M x J) for i + jr < kr, (1.2) 
endowed with its natural norm. 

It is a Banach space, a Hilbert space if p = 2. 

Spaces of this type, as well as fractional order versions thereof, provide the natural domain for an L p -theory 
of linear differential operators of the form 

i-\-jr<kr 

where ay is a time-dependent contravariant tensor field of order i and • indicates complete contraction. In this 
connection the values /i = 0, fi = l, and /i = r are of particular importance. If fj, = 1, then space and time 
derivatives carry the same weight. If also r = 1, then we get isotropic weighted Sobolev spaces on M x J. 

If /i = 0, then the intersection space characterization 

w K*r,fc),(A,o)( M x J) = L P {J, W p kr ' x (M)) n W p k (J, L X {M)) 

is valid, where = means: equal except for equivalent norms. Spaces of this type (with k = 1) have been used 
by S. Coriasco, E. Schrohe, and J. Seiler |]9], ifTUI for studying parabolic equations on manifolds with conical 
points. In this case p is (equivalent to) the distance from the singular points. Anisotropic spaces with p = are 
also important for certain classes of degenerate parabolic boundary value problems (see ||6l). 
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The spaces W p ' ' {M x J) constitute, perhaps, the most natural extension of the 'stationary' spaces 
Wp' X (M) to the space-time cylinder M x J. They have been employed by V.A. Kozlov (23ll - (26l — in the 
Hilbertian setting p = 2 — for the study of general parabolic boundary value problems on a cone M. (Kozlov, 
as well as the authors mentioned below, write W^Tf^} for ]4^ fcr ' fe )'( A ' r \) The space Wp 2,1 ^'^ X,2 \M x J) oc- 
curs in the works on second order parabolic equations on smooth infinite wedges by V.A. Solonnikov B31 and 
A.I. Nazarov lf34l (also see V.A. Solonnikov and E.V Frolova ll46l . (47)), as well as in the studies of W.M. 
Zajaczkowski |52)-|52, A. Kubica and W.M. Zajaczkowski El, JH, and K. Pileckas O-El (see the ref- 
erences in these papers for earlier work) on Stokes and Navier-Stokes equations. In all these papers, except the 
ones of Pileckas, p is the distance to the singularity set, where in Zajaczkowski's publications M is obtained from 
a smooth subdomain of W" by eliminating a line segment. Pileckas considers subdomains of R m with outlets to 
infinity and p having possibly polynomial or exponential growth. 

In this work we carry out a detailed study of anisotropic Sobolev, Bessel potential, Besov, and Holder spaces on 
singular manifolds and their interrelations. Besides of this introduction, the paper is structured by the following 
sections on whose principal content we comment below. 
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We have already pointed out in ||5| that it is not sufficient to study function spaces on singular manifolds since 
spaces of tensor fields occur naturally in applications. In order to pave the way for a study of systems of differen- 
tial and pseudodifferential operators it is even necessary to deal with tensor fields taking their values in general 
vector bundles. This framework is adopted here. 

Sections|2]and[3]are of preparatory character. In the former, besides of fixing notation and introducing conven- 
tions used throughout, we present the background material on vector bundles on which this paper is based. We 
emphasize, in particular, duality properties and local representations which are fundamental for our approach. 

Since we are primarily interested in noncompact manifolds we have to impose suitable regularity conditions 
'at infinity'. This is done in Section [3] where we introduce the class of 'fully uniformly regular' vector bundles. 
They constitute the 'image bundles' for the tensor fields on the singular manifolds which we consider here. 

After these preparations, singular manifolds are introduced in Section[4] There we also install the geometrical 
frame which we use from thereon without further mention. 

Although we study spaces of tensor fields taking their values in uniformly regular vector bundles, the vector 
bundles generated by these tensor fields are not uniformly regular themselves, in general. In fact, their metric 
and their covariant derivative depend on the metric g of the underlying singular Riemannian manifold. Since 
the singularity behavior of g is controlled by the singularity function p, due to our very definition of a singular 
manifold, we have to study carefully the dependence of all relevant parameters on p as well. This is done in 
Section|5] On its basis we can show in later sections that the various function spaces are independent of particular 
representations; they depend on the underlying geometric structure only. 

Having settled these preparatory problems we can then turn to the main subject of this paper, the study of 
function spaces (more precisely, spaces of vector-bundle- valued tensor fields) on singular manifolds. We begin 
in Sections|6]and|7]by recalling and amplifying some results from our previous paper |]5] on isotropic spaces. On 
the one hand this allows us to introduce some basic concepts and on the other hand we can point out the changes 
which have to be made to cover the more general setting of of vector-bundle-valued tensor fields. 

The actual study of anisotropic weighted function spaces begins in Section [8] First we introduce Sobolev 
spaces which can be easily described invariantly. They form the building blocks for the theory of anisotropic 
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weighted Bessel potential and Besov spaces. The latter are invariantly defined by interpolation between Sobolev 
spaces and by duality. 

This being done, it has to be shown that these spaces coincide in the most simple situation in which M is 
either the Euclidean space R m or a closed half-space H m thereof with the 'usual' anisotropic Bessel potential 
and Besov spaces, respectively. In the Euclidean model setting a thorough investigation has been carried out 
in H. Amann J4) by means of Fourier analytic techniques. That work is the fundament upon which the present 
research is built. The basic result which settles this identification and is fundamental for the whole theory as 
well as for the study of evolution equations is Theorem 19. 3 1 In particular, it establishes isomorphisms between 
the function spaces on M x J and certain countable products of corresponding spaces on model manifolds. By 
these isomorphisms we can transfer the known properties of the 'elementary' spaces on R m x J and H m x J 
to M x J. With this method we establish the most fundamental properties of anisotropic Bessel potential and 
Besov spaces which are already stated in Section|8] 

In Section [10] we take advantage of the fact that the anisotropic spaces we consider live in cylinders over M 
so that the 'time variable' plays a distinguished role. This allows us to introduce some useful semi-explicit 
equivalent norms for Besov spaces. 

It is well-known that spaces of Holder continuous functions are intimately related to the theory of partial 
differential equations on Euclidean spaces. They occur naturally, even in the L p -theory, as point-wise multiplier 
spaces, in particular as coefficient spaces for differential operators. Although it is fairly easy to study Holder 
continuous functions on subsets of R m , it is surprisingly difficult to do this on manifolds. Our approach to this 
problem is similar to the way in which we defined Bessel potential and (X p -based) Besov spaces on manifolds. 
Namely, first we introduce spaces of bounded and continuously differentiable functions. Then we define Holder 
spaces, more generally Besov-Holder spaces, by interpolation. This is not straightforward since we can only 
interpolate between spaces of bounded C fc -functions whose derivatives are uniformly continuous. Due to the fact 
that we are mainly interested in noncompact manifolds, the concept of uniform continuity is not a priori clear and 
has to be clarified first. Then the next problem is to show that Holder spaces introduced in this invariant way can 
be described locally by their standard anisotropic counterparts on R m x J and H m x J. Such representations in 
local coordinates are, of course, fundamental for the study of concrete equations, for example. 

In order to achieve these goals we set up the preliminary SectionQ~T]in which we establish the needed properties 
of (vector- valued) Holder and Bessel-Holder spaces in Euclidean settings. In Section [12] we can then settle the 
problems alluded to above. It should be mentioned that in these two sections we consider time-independent 
isotropic as well as time-dependent anisotropic spaces, thus complementing the somewhat ad hoc results on 
Holder spaces in Q. 

Having introduced all these spaces and established their basic properties we proceed now to more refined 
features. In Section[13]we show that, similarly as in the Euclidean setting, Holder spaces are universal point-wise 
multiplier spaces for Bessel potential and Besov spaces modeled on L p . For this we establish the rather general 
(almost) optimal Theorem ll3.5l 

In practice point-wise multiplications occur, as a rule, through contractions of tensor fields. For this reason 
we carry out in Section [14] a detailed study of mapping properties of contractions of tensor fields, one factor 
belonging to a Holder space and the other one to a Bessel potential or a Besov space, in particular. It should be 
noted that we impose minimal regularity assumptions for the multiplier space. The larger part of Section [T4lis, 
however, devoted to the problem of the existence of a continuous right inverse for a multiplier operator induced 
by a complete contraction. The main result of this section thus is Theorem 114.91 It is basic for the theory of 
boundary value problems. 

Section[l5]contains general Sobolev-type embedding theorems for parameter-dependent weighted Bessel po- 
tential and Besov spaces. They are natural extensions of the corresponding classical results in the Euclidean 
setting. 

Making use of our point-wise multiplier and Sobolev-type embedding theorems we study in Section[T6lmap- 
ping properties of differential operators in anisotropic spaces. In view of applications to quasilinear equations we 
strive for minimal regularity requirements for the coefficient tensors. 

All results established up to this point hold both for J = R and J = R + . In contrast, Section[l7]is specifically 
concerned with anisotropic spaces on the half-line R + . It is shown that in many cases properties of function 
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spaces on R + can be derived from the corresponding results on the whole line R. This can simplify the situation 
since M x R is a usual manifold (with boundary), whereas M x R+ has corners if dM ^ 0. 

In SectionQ~8]we consider the important case where M has a nonempty boundary and establish the fundamental 
trace theorem for anisotropic weighted Bessel potential and Besov spaces, both on the 'lateral boundary' dM x J 
and on the 'initial boundary' M x {0} if J = R + . 

In the next section we characterize spaces of functions having vanishing initial traces. Section |20l is devoted 
to extending the boundary values. Here we rely, besides the trace theorem, in particular on the 'right inverse 
theorem' established in Section[l4] The results of this section are of great importance in the theory of boundary 
value problems. 

Section |2T] describes the behavior of anisotropic weighted Bessel potential, Besov, and Holder spaces under 
interpolation. In addition to this, we also derive interpolation theorems for 'spaces with vanishing boundary 
conditions'. These results are needed for a 'weak i p -theory' of parabolic evolution equations. 

Our investigation of weighted anisotropic function spaces is greatly simplified by the fact that we consider 
full and half-cylinders over M. In this case we can take advantage of the dilation invariance of J. In practice, 
cylinders of finite height come up naturally and are of considerable importance. For this reason it is shown, in 
the last section, that all embedding, interpolation, trace theorems, etc. are equally valid if J is replaced by [0, T] 
for some T € (0, oo). 

In order to cover the many possibilities due to the (unavoidably) large set of parameters our spaces depend 
upon, and to eliminate repetitive arguments, we use rather condensed notation in which we exhibit the locally rel- 
evant information only. This requires a great deal of concentration on the part of the reader. However, everything 
simplifies drastically in the important special case of Riemannian manifolds with bounded geometry. In that case 
there are no singularities and all spaces are parameter-independent. Readers interested in this situation only can 
simply ignore all mention of the parameters A, //, and u) and set p = 1. Needless to say that even in this 'simple' 
situation the results of this paper are new. 



2 Vector Bundles 

First we introduce some notation and conventions from functional analysis. Then we recall some relevant facts 
from the theory of vector bundles. It is the main purpose of this preparatory section to create a firm basis for the 
following. We emphasize in particular duality properties and local representations, for which we cannot refer to 
the literature. Background material on manifolds and vector bundles is found in J. Dieudonne 1121 or J. Jost lETI . 
for example. 

Given locally convex (Hausdorff topological vector) spaces X and y, we denote by C(X , y) the space of con- 
tinuous linear maps from X into y, and C(X) := C(X, X). By C\s(X, y) we mean the set of all isomorphisms 
in C(X,y), and £a,ut(X) := Cis(X, X) is the automorphism group in C(X). If X and y are Banach spaces, 
then C(X, y) is endowed with the uniform operator norm. In this situation Cis(X, y) is open in C(X, y). We 
write (•, ■) x for the duality pairing between X' := C(X, K) and X, that is, (x' , x)x is the value of x' G X' at 
x G X. 

Let H = (• | •)) be a Hilbert space. Then the Riesz isomorphism is the conjugate linear isometric isomor- 
phism ■§ = -d H : H -> H' defined by 

(0x,y) = (y\x), x,yeH, (2.1) 

where (•, ■) = (-, -) H . Then 

(xV)* :=(tf _ y|tf-V), x',y'eH', (2.2) 

defines the adjoint inner product on H', and H* := [H 1 ', (• | ■)*) is the adjoint Hilbert space. Denoting by || • | 
and 1 1 • 1 1 * the inner product norms associated with ( ■ | • ) and (• | • )*, respectively, we obtain from (12. 11 and (12.21 

\(x',x)\<\\x'\\*\\x\\, x'eH', xeH. (2.3) 
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It follows from ( 12. lb — (12.3b and the fact that ■& is an isometry that ||.x'||* = sup{ \(x',x)\, \\x\\ < 1 } for a;' e H'. 
Thus llll* is the norm in H' = C(H, K), the dual norm. In other words, H' = H* as Banach spaces. Forthis and 
historical reasons we use the 'star notation' for the dual space in the finite-dimensional setting and in connection 
with vector bundles, whereas the 'prime notation' is more appropriate in functional analytical considerations. 

If Hi and H 2 are Hilbert spaces and A G C(Hi, H2), then it has to be carefully distinguished between 
the dual A' G C{H 2 ,H[), defined by (A'x' 2 ,xi) Hl = (x' 2 ,Axi)h 2 , and the adjoint A* G C(H 2 , Hi), given by 
(A*x 2 \xi) Hl = (x2\Axi) H . 2 fbrxs e Hi and x' 2 G H' 2 . 

Suppose Hi and H 2 are finite-dimensional. Then £(Hi,H 2 ) is a Hilbert space with the Hilbert-Schmidt 
inner product (• | -) HS defined by (A \ B)hs '■= tt(B*A) for A, B G C(Hi , H 2 ), where tx denotes the trace. The 
corresponding norm | • \ HS is the Hilbert-Schmidt norm A h-> \J iz{A*A). 

Throughout this paper, we use the summation convention for indices labeling coordinates or bases. This means 
that such a repeated index, which appears once as a superscript and once as a subscript, implies summation over 
its whole range. 

By a manifold we always mean a smooth, that is, C°° manifold with (possibly empty) boundary such that 
its underlying topological space is separable and metrizable. Thus, in the context of manifolds, we work in the 
smooth category. A manifold need not be connected, but all connected components are of the same dimension. 

Let M be an m-dimensional manifold and V = (V, tt, M) a K vector bundle of rank n over M. For a 
nonempty subset S of M we denote by Vs, or V\s, the restriction tt^ 1 (S) of V to 5*. If S is a submanifold, 
or S = dM, then Vg is a vector bundle of rank n over S. As usual, V p := Vi p \ is the fibre tt^ 1 (p) of V over p. 
Occasionally, we use the symbolic notation V = [J p(£M V p . 

By T(S, V) we mean the K s module of all sections of V over S (no smoothness). If S is a submanifold, or 
S = dM, then C k {S, V) is for k G N U {00} the Frechet space of C k sections over S. It is a C k (S) := C k (S, K) 
module. In the case of a trivial bundle M x E = (M x E, pr 1; M) for some n-dimensional Banach space E, 
a section over S is a map from S into E, that is, T(S, M x E) = E s . Accordingly C k (S, M x E) = C k {S, E) 
is the Frechet space of all G k maps from S into E. As usual, pr i denotes the natural projection onto the i-th 
factor of a Cartesian product (of sets). 

Let V = (V, tt, M) be a vector bundle over a manifold M. A C k map (/ , /) : (M, V) -> (M, V), that is, 
fo G C k (M, M) and / G C k (V, V), is a C* bundle morphism if the diagram 

/ 

V y 



M M 



is commuting, and f\V p £ C{V P , V/ ( p )) for p G M. It is a conjugate linear bundle morphism if f\V p is a 
conjugate linear map. By defining compositions of bundle morphisms in the obvious way one gets, in particular, 
the category of smooth, that is C°°, bundles in which we work. Thus a bundle isomorphism is an isomorphism 
in the category of smooth vector bundles. If M = M, then / is called bundle morphism if (id.M, /) is one - 

A bundle metric on V is a smooth section h of the tensor product V* <£> V* such that h(p) is an inner product 
on V p for p G A/. Then the continuous map 

\-\ h : V->C(M), v^y/h(v,v) 

is the bundle norm derived from h. 

Suppose V = (V, h) is a metric vector bundle, that is, V is endowed with a bundle metric h. Then is an 
n-dimensional Hilbert space with inner product h(j>). Hence V* = (VJ, h*{p)), where h*(j>) is the adjoint inner 
product on V p \ equals V p as a Banach space. The dual bundle V* = [J peM V* is endowed with the adjoint 
bundle metric h* satisfying h* \ (V* © V*) p — h*(p) forp G M, where © is the Whitney sum. 
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The (bundle) duality pairing (■ , -) v is the smooth section of V <g> V* defined by (•, -) v {p) = (•, - ) v for 
p g M. It follows 

|<«*,«)v| < \v*\h> \v\ h , (v*,v)€T(M,V*®V). 

We denote by h\>{p) : V p V* the Riesz isomorphism for (Vp,h(p)) and by h$(p) its inverse. This defines 
the C°°(M)-conjugate linear (bundle) Riesz isomorphism h\, : — > V* and its inverse ft" : V^* — >■ V, given by 
I ^ = hip) and ft" |^* = h}(p), respectively, forp g M. Thus 

(hv,w) v = ft(w,«), g r(M,V© V). 

The canonical identification of V** with V£ implies 

V** = V, {v,v*) v * = (v*,v) v , (v, v*) g r(M, V © V*). 

We fix an n-dimensional Hilbert space .E = (i?, (• | -) E ), a model fiber for V. We also fix a basis (ei, . . . , e„) 
of i? and denote by (£,..., e n ) the dual basis. Of course, without loss of generality we could set E = K n . 
However, for notational simplicity it is more convenient to use coordinate-free settings. 

Let U be open in M. A local chart for V over U is a map 

KKip : Vu —> k(U) x E, vp i — ^ (k(p),ip(p)v p ) , v p &V p , p £ U, 

such that (k, KKip) : (U, Vjj) (k(U), k(U) x E\ is a bundle isomorphism, where «([/) is open in the closed 
half-space M m := R+ x K m_1 of W m (and M° := {0}). In particular, k is a local chart for M. 

Suppose KKip and KKip are local charts of V over U and [7, respectively. Then the coordinate change 

Qzx<p) o(ko ipy 1 : k(U n U) x E ->• k(U C\U) x E 
is given by (x,£) M- (k o /c _1 (x), <£ K k(x)£), where 

p,, R eC~ («([/■ nE0,£aut(£)) 
is the corresponding bundle transition map. It follows 

teV^s = VkK, Vkk = Is, (2.4) 

1 e being the identity in C(E). We set 

<p- T (p) := (^(p))' g £is(^*,£*), p g (7. 

Then KK<yS~ T : -> k(C7) x E* is the local chart for V* over [7 t/Mo/ to KKip. 

In the following, we use standard notation for the pull-back and push-forward of functions, that is, k* f = f o k 
and K^f — fon^ 1 . The push-forward by KKip is the vector space isomorphism 

(kk^), : T(U,V)^E^ U \ (x^ ipin-^x^vin-^x))). 

Its inverse is the pull-back, defined by 

(KKip)* : E< U ^T{U,V), (ph+ (¥>(p))" 1 £(«(p))). 

It follows that (rex<p)* is a vector space isomorphism from C°°(U, V) onto C°° (k(U),E), and 

(KK^( K ^)*e=^(Co(KoO), fg£S(H.nn s ) < (2 .5) 

Furthermore, 

K ,(()) , ,^)=(( K K^ T ),«*,( K ^),i.) ii , («*,») g T([7, © F). (2.6) 
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In addition, 

(«*<?).(/«) = feK u , v€T(U,V). (2.7) 

We define the coordinate frame (b±, ... , b n ) for V over U associated with niKip by 

6j, := (KK^)*e„, 1 < v < n. 

Then 

defines the dual coordinate frame for y* over U. In fact, it follows from ( 12.6b that 

08", 6„)v - e,) B ) = <5£, 1 < n,v < n. 

Let (&!,..., 6„) be the coordinate frame for V over [/ associated with KX<p, Then ( 12.51 ) and ( 12.6b imply 

«*C9 M ,Mv = (e^,(^^) t (SK^* e 4 = (e",^e„)B =: fe K )£ € C°°(n(U n f/)). 
Hence we infer from 6„ = , b u )vb^ onU <~)U and (12.7b that 

(kk = (<^ K )£e M , 1 < v < n. (2.8) 
The push-forward of the bundle metric h is the bundle metric (KKip)*h on k(U) x E defined by 

(KK<p)*h(£,ri):=K*(h({KK(pyi;,(K>«pyri)), £,rieE*M. (2.9) 
Since h is a smooth section of V* <E) V* it has a local representation with respect to the dual coordinate frame: 

h = h^®p\ h iu , = h(br,b v )ec°°(u). (2.io) 

In the following, we endow K rxs with the Hilbert-Schmidt norm by identifying it with £(K S , K r ) by means of 
the standard bases. Then we call [h] := [h MV ] <E C°°(U,K nxn ) representation matrix of h with respect to the 
local coordinate frame (&i, . . . , b n ). Let [h] be the representation matrix of h with respect to the local coordinate 
frame associated with kk<£>. It follows from (12.8b that 

K*[h] = [<Pn K ] T K,[h][ipTi K ] on K (UnU), (2.11) 

where [<pji K ] is the representation matrix of <px K £ C°° (U, £(E)) with respect to (ei, . . . , e n ) and a T is the 
transposed of the matrix a. 

It should also be noted that ( 12.9b implies 

K*(\v\ h ) = \( K K<p)*v\ {K K vhh , v€T(U,V). (2.12) 

Let [h*] be the representation matrix of h* with respect to the dual coordinate frame on U. Denote by [h^] the 
inverse of [h]. It is a consequence of (b v , h^b^y = (h^b^, b v )v — h(b v , & M ) = h vfl that 

h b b^ = (b v , hb^yP" = h v/J ./3 u = h^P" ■ 

Hence h$f3 u = h v Pb p . This implies h*^ = h*(^ : fi v ) = h{h*f3 v , h*^) = h vp hP°h p<T = hJ^ 7 , that is, 

[hr^Wl (2.13) 

Let Vi = {Vi, hi) be a metric vector bundle of rank over M, where i = 1, 2. Assume {/ is open in M and 
KKipi is a local chart for V over [/. Denote by (b\, ... , the coordinate frame for V over U associated with 
KtKifi and by , . . . , /3™ < ) its dual frame. Suppose a € T (t/, Hom(Vi , V2 )) . Then 

a = a£«£ 8 0?, a£ - (/^ 2 ,<<>y 2 G K u . (2.14) 
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Hence, given u t = ufbi. G T(U, K)» it follows from (12 . 1 0| > that 

h 2 (aui,U 2 ) = a v v \h 2 ^ A u v -^u v ^ . 

For the adjoint section a* = a 

Z lb li ® P2 2 G r(J7, Hom(V 2 , Vi)) we find analogously 



7 / * \ #1/1 1 1/1 to 

hi(ui,a u 2 ) = a~ 1 fti il/1 ^u 1 1 it 2 2 . 



From h 2 (aui,u 2 ) = hi(ui,a*u 2 ) for all tij in r({7, V) we thus get a v J_h 2tU ^ = a t ~^h\ tVl y 1 . Hence it follows 
from (ETUI 

«C = /ip Pl ag 1 < Vi < m. (2.15) 

The following well-known basic examples of vector bundles are included for later reference and to fix notation. 

Examples 2.1 (a) (Trivial bundles) Consider the trivial vectorbundle V = (V, h) := (M x E, (■ | -) E ) with 
the usual identification of the inner product of E with the bundle metric M x E. For any local chart n of M, the 
trivial bundle chart over k is given by kk 1^. Thus (kk1b),jj = k*v for v G r(dom(K), M X E) = £; dom ( K ). 

(b) (Tangent bundles) Let M = (M, g) be an m-dimensional Riemannian manifold. Throughout this pa- 
per we denote by TAI the tangent bundle if K = K and the complexified tangent bundle if K = C. Then g, 
respectively its complexification, is a bundle metric on TM (also denoted by g if K = C). Thus 

T*M := (TM)* = (T*M, g*) 

is the (complexified, if K = C) cotangent bundle of M. 

We use K m as the model fiber for TM and choose for (ei, . . . , e m ) the standard basis e* = 6j, 1 < i,j < m. 
Furthermore, (• | ■) = (• | -) K ,„ is the Euclidean (Hermitean) inner product on K m and | ■ | = | ■ L m the correspond- 
ing norm. We identify (K m )* with K m by means of the duality pairing 

(V, = ('7, Ok™ := Vi^, V = me\ Z = ^e Jt (2.16) 

so that e 1 = for 1 < i < m. 

Suppose k is a local chart for M and set U := dom(K). Denote by Tn : T V M = (TM)v -> k(U) x K m 
the (complexified, if K = C) tangent map of n. Then k\kTk is a local chart for TM over U, the canonical 
chart for TM over k. It is completely determined by k. For this reason (kkTk),!) is denoted, as usual, by k*v 
for v G T(U, TM). Then the push-forward (kk (Tk)~ t )^w of a covector field w G T(U, T*M) is the usual 
push-forward of w, denoted by k*w also. 

Note that the bundle transition map for the coordinate change (kkTk) o (kkTk) -1 equals d x (no k _1 ), 
where d x denotes the (Frechet) derivative (on IR m ). 

The coordinate frame for TM on U associated with k, that is, with kkTk, equals (d/dx 1 , . . . , d/dx m ). Its 
dual frame is (dx 1 , . . . , dx m ). The representation matrix of g with respect to this frame is the fundamental matrix 
fcij] G C°° (U, K mxm ) of M on U. 

For abbreviation, we set TM := C°° (M, TM) and T*M := C°° (M, T*M). Then TM, respectively T*M, 
is the C°°(M) module of all (complexified, if K = C) smooth vector, respectively covector, fields on M. □ 

Let Vi = (Vi, hi) be a metric vectorbundle over M for i = 1, 2. Then the dual (Vi ® V 2 )* of the tensor product 
Vi ® V2 is identified with V^* ® V 2 * by means of the duality pairing ( ■ , ■)v 1 ®v 2 defined by 

(vt®v 2 *,v 1 ®v 2 ) Vl ®V2 ■= (v*,vi) Vl (va,V2)Y„ (v* , Vl ) €T(M,V* ®Vi). (2.17) 

By hi <g) /12 we denote the bundle metric for V\ <8)V 2 , given by 

hi ®h 2 (v 1 ®v 2 ,w x ® w 2 ) := hi(vi,wi)h 2 (v 2 ,w 2 ), (vi,Wi) G T(M,V i ®V l ). (2.18) 

We always equip Vi <£> V 2 with this metric. 
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Suppose that k is a local chart for M and kk^ is a local chart for Vi over dom(ft). Then Kx((p± <£> </? 2 ) 
denotes the local chart for Vi ® V2 over dom(K) induced byKixi/jj, i = 1, 2, that is, 

(kk(v3i <8 ¥? 2 )) Jvi ® w 2 ) = (kk<^i)*Ui (8 (kk^),^, (ui,«2) € r(M, Vi © V 2 ). (2.19) 

It is obvious how these concepts generalize to tensor products of more than two vector bundles over M. 
A connection on V is a map 

V : TM x C°°(M, V) ->■ C°°(M, V), (X, v) h> W x v 

which is C°°(M) linear in the first argument, additive in its second, and satisfies the 'product rule' 

Wx(fv) = (Xf)v + fW x v, X G TM, v€C°°(M,V), f€C°°{M), (2.20) 

where X f := df(X) = (df, X) := (df, X)tm- Equivalently, V is considered as a IK linear map, 

V: C°°(M,V) ^T*M®C°°(M,V), 

called covariant derivative, defined by 

(Vv,X®v*)tmqv = (V,V x v)v, v* €C°°(M,V*), veC°°{M,V), X G TM, (2.21) 

and satisfying the product rule. Here and in similar situations, TM is identified with the 'real' subbundle of 
the complexification TM + iTM if K = C. (In other words: We consider 'real derivatives' of complex-valued 
sections.) 

A connection is metric if it satisfies 

Xh[v,w) = h(V x v,w)+h(v,V x w), XeTM, v, w G C°°(M, V). (2.22) 
Let V be a metric connection on V . Then we define a connection on V* , again denoted by V, by 

(Vxv*,v) v := X(v*,v) v - (v*,V x v) v (2.23) 

for v* G C°° (M, V*),veC°° (M, V), and X G TM. It follows for v, w G C°° (M, V) and X G TM that, due 
to ( f2~22l , 

Xh(v,w) = X(h\,w,v}v = (Vx(/&i,io), v) v + (hw,V x v) v 

= (V x (h\,w),v) v + h(V x v,w) - (V x (h b w),v) v + Xh(v,w) - h{v,V x w) 
= (V x (h\,w),v) v +Xh{v,w) - (h\,(V x w),v) v . 

This and ft," = (/it) -1 imply 

Vo/i b = /i b oV, ft" o V = V o ftf. 

Consequently, 

JW(t>*,w*) = Xh{h t w*,h i v*) = h(hN x w*,hK*)+h(h^w*,h^ x v*) 
= h*{V x v*,w*) + h*{v*,V x w*) 

for v*, w* G C°°(M, V*). This shows that V is a metric connection on (V*, /i*). 

Let (VJ, be a metric vector bundle over M for i = 1,2, Suppose Vi is a metric connection on V£. Then 

V x (wi®u 2 ) := Vix«i <g><u 2 -|-«i<g> V 2 x«2, ^ G C°°(M,Vi), X G TM, (2.24) 

defines a metric connection V = V(Vi, V2) on Vi <E> V<x, the connection inducedby Vi and V 2 . In the particular 
case where either V2 = Vi or V2 = V* and V 2 = Vi, we write again Vi for V(Vi, Vi). 
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Let V be a connection on V. Suppose KtKtp is a local chart for V over U. The Christoffel symbols T"^, 
1 < i < m, 1 < n, v < n, of V with respect to kki^ are defined by 

Va/^ = r&fc, (2.25) 

Here and in similar situations, it is understood that Latin indices run from 1 to m and Greek ones from 1 to n. It 
follows 

Vv= (^-+T^v^dx l ®b u , v = v v KeC°°{U,V). (2.26) 

Let Vi and V2 be metric vector bundles over M with metric connections Vi and V2, respectively. For a smooth 
section a of Hom(Vi, V2) we define 

(Vi 2 a)u := V 2 (au) - aViu, u G C°°(M, Vi). (2.27) 

Then V12 is a metric connection on Hom(Vi, V2), the one inducedby Vi and V2, where Hom(Vi, V2) is endowed 
with the (fiber-wise defined) Hilbert-Schmidt inner product. It is verified that this definition is consistent with 
(l27T4b and (|Z24| >. Hence we also write V(Vi, V 2 ) for Vi 2 . 



3 Uniform Regularity 

Let M be an m-dimensional manifold. We set Q : = (—1,1) C K. If k is a local chart for M, then we write ?7 K for 
the corresponding coordinate patch dom(K). A local chart k is normalized if k(U k ) = Q m whenever U K C M, 
the interior of M, whereas k(J7 k ) = Q m n W n if C/ K n DM ^ 0. We put Q™ := k(J7 k ) if « is normalized. 

An atlas ^ for M has finite multiplicity if there exists k E N such that any intersection of more than k coordi- 
nate patches is empty. In this case 

3t(/s) := { k e « ; (7« n U K ? } 

has cardinality < fc for each k E .ft. An atlas is uniformly shrinkable if it consists of normalized charts and there 
exists r £ (0, 1) such that { K _1 (rQ™) ; k £ A } is a cover of M. 

Given an open subset X of R m or H m and a Banach space X over K, we write || • || fc x for the usual norm of 
BC k (X,X), the Banach space of all u e C k (X, X) such that \d a u\x is uniformly bounded for a E N m with 
I atj < k (see SectionfTTTi. 

By c we denote constants > 1 whose numerical value may vary from occurrence to occurrence; but c is always 
independent of the free variables in a given formula, unless an explicit dependence is indicated. 

Let S be a nonempty set. On M. s we introduce an equivalence relation ~ by setting / ~ g iff there exists c > 1 
such that f/c<g < cf. Inequalities between bundle metrics have to be understood in the sense of quadratic 
forms. 

An atlas M. for M is uniformly regular if 

(i) & is uniformly shrinkable and has finite multiplicity. 

(3.1) 

(ii) \\k o k \\k,oo < c(fc), k, k £ R, k £ N. 

In (ii) and in similar situations it is understood that only k, k £ R with U K n Ua 7^ are being considered. Two 
uniformly regular atlases & and R are equivalent, ^ « R, if 

(i) card{ k e Jk ; n C/ K ^ } < c, k E &. 

(ii) ||k o K _1 || fc < c(fc), k G J?, kgI, fc G N. 

Let V be a vector bundle of rank n over M with model fiber £7. Suppose .ft is an atlas for M and k k cp is for 
each k G & a local chart for V over C7 K . Then .ftK<£> := { kk^ ; k E &} is an atlas for V over R. It is uniformly 
regular if 

(i) .ft is uniformly regular; 

(3 3) 

(ii) ||y re «|koo < c(fc), KtKip, KtXtp £ ^K$, fc G N, 
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where tp K -% is the bundle transition map corresponding to the coordinate change (nx.ip) o (nKtp) 1 . Two atlases 
$ and j?x <f> for V over & and respectively, are equivalent, Rk $ ss £x $, if 

(i) M. « 

~ ~ ( 3 - 4 > 

(ii) ||<£KK||fc,oo < c(fc), j?K$, KKi/)£ fc G N. 

Suppose ft, is a bundle metric for V. Let £x $ be a uniformly regular atlas for V over A Then h is uniformly 
regular over i?x $ if 

(i) (kxvj)*^~ (-I-)e. K ^e^ $ ; 

(ii) ||(KXv)*^||fe,oo < c(fc), KKip £ fc G N. 

Let [fc] sKv = [h l j i ^} KKlp be the representation matrix of h with respect to the local coordinate frame associated 
with nxip. Then it follows from ( 12. 1 Ob that 

k,(W k [<J = [k.V'] = ( 3 - 6 ) 

Hence d3.5K i) is equivalent to 

ICr/c^K.VWC^^clCI 2 ,, ieC CeK", K x^g.£x$. 

If J^x $ Rj .ftx $ and ft, is uniformly regular over then we see from ( 12.4b and (12.1 11 1 that /i is uniformly regular 
over JL 

Assume V is a connection on V . Let M.K $ be an atlas for V over For nxip G .ftx $ we denote by [k x ip] 
the Christoffel symbols of V with respect to the coordinate frame for V over U K induced by KKip. Then V is 
uniformly regular over M.K $ if 

(i) Kk $ is uniformly regular; 

(ii) ||K*(r^[«;x^]) || fe ^ < c(k), l<i<m, l<lx,v<n, nxtp g £x$, fc g N. 

Suppose V is uniformly regular over £x$ and w j?x<£>. Then it follows from (12.8b . (12.26b . (13.2b . and 
(13.4b that V is uniformly regular over J^k $. 

A uniformly regular structure for M is a maximal family of equivalent uniformly regular atlases for it. We 
say M is a uniformly regular manifold if it is endowed with a uniformly regular structure. In this case it is 
understood that each uniformly regular atlas under consideration belongs to this uniformly regular structure. 

Let M be uniformly regular and V a vector bundle over M. A uniformly regular bundle structure for V is 
a maximal family of equivalent uniformly regular atlases for V. Then V is a uniformly regular vector bundle 
over M, if it is equipped with a uniformly regular bundle structure. Again it is understood that in this case each 
atlas for V belongs to the given uniformly regular bundle structure. A uniformly regular metric vector bundle is a 
uniformly regular vector bundle endowed with a uniformly regular bundle metric. By a fully uniformly regular 
vector bundle V = (V, hy , Vy) over M we mean a uniformly regular vector bundle V over M equipped with a 
uniformly regular bundle metric hy and a uniformly regular metric connection Vy. 

As earlier, it is the main purpose of the following examples to fix notation and to prepare the setting for further 
investigations. 

Examples 3.1 (a) (Trivial bundles) Let E = (E,(-\-) E ) be an n-dimensional Hilbert space. Suppose 
M is a uniformly regular manifold. It is obvious from Example 12. p a) that the trivial bundle M x E is uniformly 
regular over M and (■ | •) E is a uniformly regular bundle metric. 

We consider E as a manifold of dimension n if K = M, and of dimension 2n if IK = C (using the standard 
identification of C = M + iM. with M 2 ) whose smooth structure is induced by the trivial chart We identify TE 
canonically with E x E. Then Tv : TM -> TE = E x E, the tangential of v G C°°(M, E), is well-defined. 
We set 

d x v := pr 2 o Tv{X), X G TM, v G C°°(M, E). 
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Then 

d : TM x C°° (M, E) -> C°°(M,E), (X,v) i-> d x V 
is a connection on M x E, the E-valued differential on M. 

Let (ei , . . . , e„) be a basis for E and use the same symbol for the constant frame p i-> (ei, . . . , e„) of M x E. 
Then it follows that 

df = df v e v , f = re„€C°°(M,E). 

Thus, since all Christoffel symbols are identically zero, d is trivially uniformly regular. 

(b) (Subbundles) Let V be a vector bundle of rank n over a manifold M, endowed with a bundle metric h 
and a metric connection V. Suppose W is a subbundle of rank Denote by t : W ^ V the canonical injection. 
Let h\y := be the pull-back metric on W. We write P for the the orthogonal projection onto W in V. Then 
P G C°° (M, Hom(Vj V)) and it is verified that 

Vw : TM x C°°(M, W) -> C°°(Af,VF), i-> PV x (t(w)) 

is a metric connection on (W, hw), the one induced by V. 

Let E be a model fiber of V and (ei, . . . , e„) a basis for it. Suppose V is uniformly regular and there exists 
an atlas J^k$ for V such that (nt<(p)* (ei, . . . , e£) is for each KE^a frame for over U K . Then it is checked 
that W = (W, hw , Viy ) is a fully uniformly regular vector bundle over M. 

Suppose Vi = (Vi, hi, Vj), £ = 1, 2, are fully uniformly regular vector bundles over M, Set 

(h ®h 2 )(vi ®v 2 , vi®v 2 ) := hi(v u vi) + h 2 (v 2 , v 2 ), (v t ,v t ) g r(A/,K©K), 

and 

(Vi©V 2 )(wi©w 2 ) := Vjui © V 2 v 2 , (v u v 2 ) € C°°(M, Vi © V 2 ). 

Then (Vi © V 2 , hi® h 2 , Vi © V2) is a fully uniformly regular vector bundle over M. Furthermore, Vi is for 
£ = 1,2 a fully uniformly regular subbundle of V. 

(c) (Riemannian manifolds) Let M — (M, g) be an m-dimensional Riemannian manifold. We denote by 
9m = (dx 1 ) 2 + ■ ■ ■ + (dx m ) 2 the Euclidean metric on K m and use the same symbol for its complexification as 
well as for the restriction thereof to open subsets of R m and H™. Then M is a uniformly regular Riemannian 
manifold, if TM is uniformly regular and g is a uniformly regular bundle metric on TM. It follows from 
Example l2.1f b) that M is a uniformly regular Riemannian manifold iff 

(i) M is uniformly regular; 

(ii) n*g ~ g m , k g Si; (3.7) 

(iii) ||k*5|U,oo < c(k), k G Si, k G N, 

for some uniformly regular atlas Si for M, Of course, K»g := (/ckTk)*<7 in conformity with standard usage. 

We denote by V 9 the (complexified, if K = C) Levi-Civita connection for M, that is, for TM. Its Christoffel 
symbols with respect to the coordinate frame (d/dx 1 , . . . , d/dx m ) over U K admit the representation 

2r^- = g u {digti + d j9a - 2d i9ij ) , (3.8) 

where di := d/dx l . From this and ( !3.7K ii) and (iii) it follows that V g is uniformly regular if (M, g) is a uniformly 
regular Riemannian manifold. In addition, V g is metric and r|j = T^. 

(d) Every compact Riemannian manifold is a uniformly regular Riemannian manifold. 

(e) It has been shown in Example 2.1(c) of |5| that M m = (M m , g m ) and H m = (H m , g m ) are uniformly 
regular Riemannian manifolds. 

(f) (Homomorphism bundles) Fori = 1, 2 let (Vi, hi) be a uniformly regular metric vector bundle of rank rii 
over M. We denote by (Vi 2 , hi 2 ) the homomorphism bundle Vi 2 := Hom(Fi, V 2 ) endowed with the Hilbert- 
Schmidt bundle metric hi 2 = (■ \ -) H g. 
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Assume &K$i is a uniformly regular atlas for Vi, and Ei is a model fiber for Vi with basis (e\, . . . , e l n .) and 
dual basis . . . , For KKipi 6 J^K$j we define a bundle isomorphism 

{K,KKipi) : (Via)n.) -> x £(-Ei,£ 2 )) 

by setting (KK^i 2 )a p := («(p), ^i 2 (p)a p ) forp g J7 K and a p <G (Vi 2 )p, where 

<Pi2(p)a P (£) := (p2(p)a p tp^ 1 (x), x = n(p). 

It follows 

(kK^i 2 )*(kKi j 9i2)*6 = (KK^ 2 )»((«<^)*%*«/'l)t.(« K ^l)*> b G C(E 1 ,E 2 ), 

if KK<Pi belongs to a uniformly regular atlas for VJ. From this we deduce that 

•^12 := { KK<^i2 ; kk^ g J^k$ ?; , i = 1,2} 

is a uniformly regular atlas for V12 and that any two such atlases are equivalent. Hence Vn is a uniformly regular 
vector bundle over M. 

The coordinate frame of Vn over U K associated with KK<pi2 is given by 

{bl,®^ 1 ; l<^<n i; 1 = 1,2}, (3.9) 

where , . . . , b l n . ) is the coordinate frame of V over U K associated with k k ipi and (/3* , . . . , /3"* ) is its dual 
frame. By (12.15b and (|3.9l l we find 

From this, (12.10b , 031 . and (Il6] l we deduce 

for a £ £(E\, E 2 ), as well as || (k ix ( J 0i2)*^-i2 1| fc,oo < c(/c) for KK<pi2 £ Ak$i2 and fc g N. Hence (V12, ft.12) is 
a uniformly regular metric vector bundle over M. 

Suppose Vj is a uniformly regular metric connection on V\. Then it is a consequence of the consistency of 
( 12.27l > with ( I2.24l i that V12 is a uniformly regular metric connection on V\ 2 - 

(g) (Tensor products) Let (Vi, hi), i = 1, 2, be uniformly regular metric vector bundles over M. Then it 
follows from (12. 17b — (12. 19b that (Vi ® V2, hi <g> /12) is a uniformly regular metric vector bundle over M. If Vi is 
a uniformly regular metric connection on V, then we see from ( 12.24b that V ( Vi , V 2 ) is a uniformly regular metric 
connection onVi <E>V 2 . □ 

4 Singular Manifolds 

Let M = (M,g) be an m-dimensional Riemannian manifold. Suppose p g C°°(M, (0, 00)). Then (p, K) is a 
singularity datum for M if 

(i) (M, g/p 2 ) is a uniformly regular Riemannian manifold. 

(ii) ^ is a uniformly regular atlas for M which is orientation preserving if M is oriented. 

(4-1) 

(iii) ||K*p|koo < c(k)p K , k g &, k € N, where p K := K*p(0) = p(k (0)). 

(iv) p K /c< p(p) < cp K , peU K , kg H. 

Two singularity data (p, &) and (p, j?) are equivalent, (p, &) rj (p, ji), if 

p ~ p and £ « 1. (4.2) 
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Note that (|4j}(iv) and d4~2] > imply 

l/c < ^/ps < c, k^, id, tf„ n Ih ^ 0. (4.3) 



A singularity structure, &(M), for A/ is a maximal family of equivalent singularity data. A singularity 
function for M is a function p € C°° (M, (0, oo)) such that there exists an atlas & with (p, K) <G <5(M). The set 
of all singularity functions is the singularity type, 1(M), of M. By a singular manifold we mean a Riemannian 
manifold M endowed with a singularity structure &(M). Then M is said to be singular of type X(M). If 
p € T(M), then it is convenient to set [p] := %(M). 

Let M be singular of type \p\. Then M is a uniformly regular Riemannian manifold iff p ~ 1. If p 7^ 1, then 
either inf p = or sup p = 00, or both. Hence M is not compact but has singular ends. It follows from (14. lb that 
the diameter of the coordinate patches converges either to zero or to infinity near the singular ends in a manner 
controlled by the singularity type 1(M ). 

We refer to J5] and |6] for examples of singular manifolds which are not uniformly regular Riemannian mani- 
folds. 

Throughout the rest of this paper we assume 



M = (M, g) is an m-dimensional singular manifold. 

W = (W, hw, D) is a fully uniformly regular vector bundle of rank n over M. 
cr,T G N. 



(4.4) 



It follows from the preceding section that the uniform regularity of W, hw, and D is independent of the particular 
choice of the singularity datum (p, R). 

Henceforth, TAI and T*M have to be interpreted as the complexified tangent and cotangent bundles, respec- 
tively, if K = C. Accordingly, ( • , • ) TM , g, and V g are then the complexified duality pairing, Riemannian metric, 
and Levi-Civita connection, respectively. 

As usual, T°M = TM®' 7 <g> T* M® T is the (a, r)-tensor bundle, that is, the vector bundle of all K-valued 
tensors on M being contravariant of order a and covariant of order r. In particular, T ( ] M = TM, T®M = T*M, 
and T °M = M X K. Then 

V = V?{W) = T?(M, W) := T°M <g> W 

is the vector bundle of W -valued (a, r)-tensors on M. 

IfW = MxE with an n-dimensional Hilbert space E, then we write T°(M, E) for T° (M, M x E) and 
call its elements i?-valued (er, r)-tensors. Furthermore, T°(M, K) is naturally identified with T°M. For abbre- 
viation, we set 

77 (M, W) := C°° (M, T?(M, W)) . 

It is the C°°(M) module of smooth W -valued (a, r)-tensor fields on M. 

The canonical identification of (T°M)* with TJM leads to T° (M, W)* = T 7 (M, W*) with respect to the 
(bundle) duality pairing 

('1 VV := ('5 '/T?M ® ('' IW 

We endow V with the bundle metric 

h:=(-\-)l®h w , (4.5) 

where (• | -) T a := g® a ® g*® T is the bundle metric on T°M induced by g (denoted by (• | •) in Section 3 of 0). 
Finally, we equip V with the metric connection 

V:=V(V S ,£) 
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induced by the Levi-Civita connection of M and connection D of W. In summary, in addition to d4.41 i. 



V=(V,h,V) := (T?(M,W), (>\-)l®h w , V(V fl ,D)) 



is a standing assumption. In particular, V is a K-linear map from T/(M, W) into T° +1 {M, W). We set V° := id 

and V fc+1 := V o V fc for k G N. Note V« = Du for u 6 T °(M, W) = C°°(M, W). 



5 Local Representations 

Although W is a fully uniformly regular vector bundle over M this is not true for V, due to the fact that h involves 
the singular Riemannian metric g. For this reason we have to study carefully the dependence of various local 
representations on the singularity datum. This is done in the present section. 

For a subset S of M and a normalized atlas R we let &s := { k € & ; U K n S 7^ }; hence = 0. Then, 
given k £ &, 

(R m if«e Jl\iW, 

Xk:= |h" 1 otherwise, (5-1) 

considered as an m-dimensional uniformly regular Riemannian manifold with the Euclidean metric. Furthermore, 
Q™ is an open Riemannian submanifold of X K . 

Let F be a finite-dimensional Hilbert space. Then, using standard identifications, 

T?(Q™,F) = (K m )®° <g> ((K m )*)® r ® F. 

Of course, we identify (K m )* with K m by means of ( 12.161 1, but continue to denote it by (I m )* for clarity. We 
endow T°(Q™, F) with the inner product 

(• I Ot^f) := (' I 0l» ® (' I Off-)- ® (' I Of- (5-2) 

For 1/ e N x we set J„ := {1, . . . , m} v and denote its general point by (i) = (ii, . . . , The standard basis 
(ei, . . . , e m ) of K m , that is, e* = 5j, and its dual basis (e 1 , . . . , e m ) induce the standard basis 

{e w <g>e^ ; (i) e 3 a , (i) e Jr} 

of T?Q™, where e {l) = e tl ® ■ ■ ■ ® e l<T and e u) = e n ® • • • <E> £ jV . Then 

a G T?(Q™,F) = £(((K" l )*)® CT g> (K m )® r ,F) 

has the representation matrix [ffl/.J € F m " xmT . We endow f"'° xmT with the inner product 



which coincides with the Hilbert-Schmidt inner product if F = K. For abbreviation, we set 

E = EZ = EZ(F):=F m "x m \ (• \-) E := (• \.) ss>p . (5.3) 

It follows from (15. 2t that a i-> [o/J J defines an isometric isomorphism by which 
we identify (T?(QZ\F),(-\-) T?{Q ^ F) ) with (£?,(■ 

We assume 

• (p, R) is a singularity datum for M; 

• ^.k 4> is a uniformly regular atlas for W over (5-4) 

• F = (F, (■ I -) F ) is a model fiber for W with basis (ei, . . . , e„). 
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Suppose KXLp 6 and k = (x , . . . , x m ). Then 

: K/„ Q™ x E, v p ^ (K(p),cp°(p)v p ), v p eV pi p G [7 K) 
the /oca/ chart for V over U K induced by ntxip, is defined by 

fr(p)v p := (T p K)X p g> • • • gi (T p K)Xp gi (T p K)~ T a ltP gi • • • g) (T p K)~ T a T ,p g) (p(p)wp 

for Up = (go • • ■ <g> Xp 7 g) ai,p g) • • • g> a T ,p ®w p £ T°(M, W) p with X* e T p M, a jiP £ T*M, and w p be- 
longing to W p . 

Set 

dx {j) := g) • • • g> dx jT , (i) £ JJ CT , (j) G J r . 



3a: M 9a;' 1 9a; 1 

Furthermore, let (6i, . . . , 6 n ) be the coordinate frame for W over U K associated with kklp and (/3 1 , . . . , /3 n ) its 
dual frame. Then 

is the coordinate frame for V over C/ K associated with KX(p*. Hence v £ F(U K , V) has the local representation 
and 

tfv(x) = [v§ v (K-\x))e v } e F™"x™ T = £, I£ Q™. 
Assume kk^ e j^K$. Then (kk^) o (kk^) _1 = (k o k~ x , where 

= Agflg^)^, e e (5.6) 

with AS = Al 1 • • • Ai° and B$ = Bf ■ ■ ■ Bf , and 

4= fffifp!, B[= f*^ o(So0 (5.7) 

for 1 < i,J, j,J < n and y ~ k o k^ 1 (x). Hence d3.lt , d3.3t , and assumption d4.4t imply that 

i?K$^ := { KK(p° ; KK</j g J?x$ } 
is a uniformly regular atlas for V over j?. From (13. 2t and d3.4| i we also infer that 

The local chart k k y>£ is completely determined by ntKtp. For this reason, and to simplify notation, we denote 
the push-forward and pull-back by KKLp° simply by (kk^)» and (nt<(p)*, respectively. This is consistent with 
the use of k* for the push-forward of vector fields by KK(p (see Example 12. U b)). 

^^e set 

y{i)(k] ' = 9iik! ' ' ' 9i a k a g'' 1 1 ' ' ' 9^ 

with (i), (k) running through and (j), (£) through J r . Then (14. 5t and (|2.13l l imply 



h(u, v) = g^u^v^hwib^), u, v G r(C/ K , F). 
Hence, setting it K := (kk^),m etc., we get from d2.9| > 



(KXtp)*h(u K ,v K ) = K*gu)lk) K * u (j) U K * V U) K *hw vy ,- (5.8) 
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Lemma 3.1 of J5J guarantees 

K *9 ~ P 2 K 9m, n*9* ~ Pk 2 9™, K€R, (5.9) 

and 

P^ 2 \\n*9\\k^ + pl\\n*9*\\k,oo<c(k), k£&, keN. (5.10) 
From ( 12.12b . the uniform regularity of hw over <£>, (15.8b . and d5.9t we deduce 

= \(KKip)*u\( K x v ^ h ~ p a i r T \(kx<p)*u\ e? , kk^gJ?k$, u€T(M,V). (5.11) 

Suppose u £ T° (M, V) has the local representation 

d 

u = u U) y Q^T)® dx(3) ® b - 

Then it follows from d2~20l ( l2~2ll . (l2~23l . (IZ24l i. and d2~25l denoting by the Christoffel symbols of D, 
that 

du (i) V d , 
ax K oxW 

+ ± — F| is (ii ,.^,„^ ) (8 6, 

-=i (5.12) 

- E «$•;...* ® ® ® ^ 

t=i 

+ "S'^^W ® ® dxk ® 6 "' 

with £ being at position s in . . . , I, . . . , i a ) and position t in (ji ,...,£,..., j T ). 

We endow the trivial bundle x £^ with the Euclidean connection, denoted by d x and being naturally 
identified with the Frechet derivative. Thus, given v £ C°°(Q™, £v), 

fl£v e C°°(Q™,£'(R m ;^)), /eN x , 

where £ £ (R m ;£^) is the space of ^-linear maps from R m into E%. If v = . gm jWxm^ theri; 

setting := du t ° • • • ° c)^ for (fc) g with 9j = d/dx l , 

: Q^F™"*"^. (5-13) 

Hence, using the latter interpretation, 

^e£ £ (C 00 (g™,i?;),C 00 (Q™,i? r %,)), feN, (5.14) 

where 9° := id. 

We define the push-forward 

( K k^),V £ : C*><ff2,E%) C°°(Q™,E° +e ) 

of W e by KK(p by 

for^ S N. Then (kk^)»V is a metric connection on (T°(Q™,F), (KKip)*h) and 

(kk^),V w = ((kx^V) o (kxv3),V £ , I e N. 
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Suppose reN x and u G C r (M , V). Set w := (KK(p)*u G C r {Ql\E°). Then we infer from (l512t by 
induction, and from (I5.13l l and (15.14b that there exist 

a, G C°° (Q™, £* +r )) , < I < r - 1, 

such that 

r-l 

(kx<^V ? v = SJi; + 5^o^«. (5.15) 

1=0 

More precisely, the entries of the matrix representation of at are polynomials in the derivatives of order at most 
r — £ — 1 of the Christoffel symbols of V 9 and D. Hence assumption ( 14.41 ) implies 

IKIU.oo < c(k), 0<£<r-l, kx</? e £x$, (5.16) 

due to ( 13.81 ), d5.9l ), and ( 15.101 ). By solving system ( 15.151 ) for < £ < r 'from the bottom' we find 

r-l 

d r x v = (KK(p)*V T v + y^o^(KKy)»V f i;, (5-17) 

where G C°° (Q™, C(E^ +i , E° +r )) satisfy 

IHU,oc < c(fe), 0<^<r-l, kx^g^x*. (5.18) 
From ( 15. 15b — (15. 1 8b we infer that, given r G N x , 



^] |(kxV3)*V j ((kxv3)*u)| b; ^ - ^ |d£((rcxy?)*u)| B; (5.19) 

i=0 

for KKtp £ J?x$ and u G C r (M, 1/). 



T+i 

i=0 M<'" 



6 Isotropic Bessel Potential and Besov Spaces 

Weighted (isotropic) function spaces on singular manifolds have been studied in detail in 0, where, however, 
only scalar-valued tensor fields are considered. In this and the next section we recall the basic definitions and 
notation on which we shall build in the anisotropic case, and describe the needed extensions to the case of vector- 
bundle-valued tensor fields. 

We denote by V := V(V) := T>(M, V), respectively V := V{V) := V(M, V), the LF-space of smooth sec- 
tions of V which are compactly supported in M, respectively M. Then T>' = T>'(V) := T>(V')' W » is the dual 
of T>(y') endowed with the w*-topology, the space of distribution sections on M, whereby V' = T£(M, W). 
As usual, we identify v G Li,i oc (M, V) with the distribution section (u i-> (u, v)m) G T>', where 

(u,v) M ~ [ (u,v) v dV g , ueV(M,V), veL Uoc {M,V), 

JM 

and dV g is the volume measure of M. Hence 

V ^ V 4 L Uoc (M, V) "" M|M > L Uoc (M, V) ^ V', 

d 

where means 'continuous' and <-} 'continuous and dense' embedding. 
In addition to ( 14.41 ) we suppose throughout 



peT(M), Kp<oo, Ae 



(6.1) 
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Assume k £ N. The weighted Sobolev space 



W 

p 



k,\ 



W«> x {V) = W«< x {V;p) 

of W-valued [a, r)-tensor fields on M is the completion of T> in Lu oc (V) with respect to the norm 

k 



u(->||u|| fclK A := (J2\\p X+T ~ a+l \ Viu \» 



i/p 



It is independent of the particular choice of p in the sense that W k ' X (V; p') = W k ' X (V; p) for p 1 £ \p\, where 
= means 'equal except for equivalent norms'. 

For simplicity, we do not indicate the dependence of these norms, and of related ones to be introduced below, 
on (er, t). This has to be kept in mind. 

Note that 



0,A 



L X = L X (V) := {{ueL P:loc ; \\u\\ p , x < oo }, ||-|j p;A ), 



where 



lp;A 



| Also observe W k > x c — >■ W p x for k > I. 



Given < < 1, we write [• , -] g for the complex, and (•, -) e , 1 < q < oo, for the real interpolation functor 
of exponent (see |2] Section 1.2] for definitions and a summary of the basic facts of interpolation theory of 
which we make free use). Then, given k £ N, 



( [W k ' x ,W k+1 > x 
Hp' X = H*< X (V) := | \^k,X } 



s -k, k < s < k + 1, 
s = k, 



and 



B sX = B sM v) 



' (W p ' x , W k+1 > x ) s - k , p , k < s < k + 1, 
jW k ' x ,W k+2 ' x ) 1/2yP , s = k. 

In favor of a unified treatment, throughout the rest of this paper 



$£{H,B}, ~ r p ' X (V). 



We denote by $ p ,x the closure of V in $ p x for s > and set 

$;'' X (V) := {ty- X (V'))', s > 0, 
with respect to the duality pairing induced by (■ , -) M . We also set 

B" p x := (W- 1 ^^^. 

This defines the weighted Bessel potential space scale [H^ x ; s £ R] and the weighted Besov space scale 

[B;- x ;s£R}. 

It follows (see the next section) that $ p ' x is for s £ R a reflexive Banach space, and 



~ s ,x 4 ~ t x 4 v , 



-oo < t < s < oo. 



Denoting, for any s e R,by $ p ' x the closure of V in $ p ' ' 



s < 1/p. 
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Thus, by refiexivity, 
with respect to ( ■ , • ) M . 

If p ~ 1, then all these spaces are independent of A. Furthermore, A reduces to the non-weighted (standard) 
Bessel potential space and Besov space B^(V), respectively. Assume, in addition, M = X € {K m , HP™} 

with g = g m , V = X x E, and D = dp. Then Hp(K, E) is the classical (iJ-valued) Bessel potential space and 
Bp(X, E) the standard (iJ-valued) Besov space p (X, In the scalar case these spaces are well investigated 
(cf. H. Triebel 11501 . for example). Thus noting 5£(X, E) ~ (3 s p ) d with d = dim(E), we can make free use of 
their properties which we shall do without further reference. 



7 The Isotropic Retraction Theorem 

Let E a be a locally convex space for each a in a countable index set. Then E := Y[ a E a is endowed with the 
product topology. Now suppose that each E a is a Banach space. Then we denote for 1 < q < oo by £ q (E) the 
linear subspace of E consisting of all x = (x a ) such that 



\ x \\l q (E) 



f(EJMIk) 1/9 - 1<9<oo, 

1 sup a ||x a || Ba , q = oo, 

is finite. Then £ q (E) is a Banach space with norm j| • \\ e ^ E y and 

£ p (E)^£ q {E), l<p<q<oo. (7.1) 

We also set c c (E) := Q) a E a , where (J) denotes the locally convex direct sum. Thus E a consists of 
all finitely supported sequences in E equipped with the finest locally convex topology for which all injections 
Ep — > Q E a are continuous. It follows 

c c {E) ^ £ q (E), l<q<oo, c c (E) 4 £ q (E), q<oo. (7.2) 

Furthermore, cq(E) is the closure of c c (E) in £ 00 (E). 

If each E a is reflexive, then £ p (E) is reflexive as well, and £ P (E)' = £ p >(E') with respect to the duality 
pairing (•, •> := J2 a (■, •)«■ of course, E' := J[ a E' a , and (•, ■) Q is the ^-duality pairing. 

Let assumption (15.4b be satisfied. A localization system subordinate to M. is a family { (n K , Xk) > K <= & } 
such that 



(i) 7r K <E T>(U K , [0, 1]) and { 7r^ ; k 6 .ft} is a partition of unity on M 
subordinate to the covering { U K ; k € .ft } ; 

(ii) x« = k*x with x € 2? (Q m , [0, 1]) and x | supp(K*7T«) = 1 for k £ ft; 

(iii) ||«;*7r K ||fc i00 + ||K»XK||fc,oo < c(k), c(Ei5, k e N. 

Lemma 3.2 of [5] guarantees the existence of such a localization system. 
In addition to ( 15.41 ) we assume 

{ (tjcXk) ; « € $ } is a localization system subordinate to .ft. 

For abbreviation, we put for s£K 

W° K :=W;(X K ,E), r p , K :=r p (^ K ,E), K e ft, 

where E = E°(F). Hence W p = ]J K W£ K is well-defined, as is $ s p . We set 

V K :=V(X K ,E), V K :=V{± K ,E), 



(7.3) 
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as well as 



7) = D(X,£) :=0D K , T> = T>(±, E) := V K 



It should be noted that, due to iS.li , in W*, Sp, D, and T> there occur at most two distinct function spaces. 
Given k k tp e k $, we put for 1 < q < oo 



^ il( «:=^ +TO /«(«X V ),(7r l( «) J 



u e C(V), 



and 



Here and in similar situations it is understood that a partially defined and compactly supported section of a 
vector bundle is extended over the whole base manifold by identifying it with the zero section outside its original 
domain. In addition, 

<fiu := (<p$ iK u) € J] C(X K ,E), u e C{V), 



and 



A retraction from a locally convex space A" onto a locally convex space ^ is a map i? S C(X, y) possessing 
a right inverse R c € £(iV, A), a coretraction. 

If no confusion seems likely, we use the same symbol for a continuous linear map and its restriction to a linear 
subspace of its domain, respectively for a unique continuous linear extension of it. Furthermore, in a diagram 
arrows always represent continuous linear maps. 

The following theorem shows that ijj^ is a retraction from T> onto T>, and that ip x is a coretraction. Moreover, 
ipp has a unique continuous linear extension to a retraction from i p (Sp) onl ° -Sp X , and ipi; extends uniquely to a 
coretraction. This holds for any choice of s e K and p € (1, oo). Thus ^£ is a universal retraction from ^ p (5|) 
onto Jp A in the sense that it is completely determined by its restriction to X>. The same holds if T> and 5^ ,A are 
replaced by 2? and 3p , respectively. 

Theorem 7.1 Suppose s € M. 77zen f/ie diagrams 





are commuting, where s > in the second case. 

Proof. (1) Suppose W = 1/ x K so that V = T?(M, W) = T°M. Also suppose k G N. Then Theo- 
rem 6.1 of [5 1 guarantees that 

■0p is a retraction from X> onto V and from i P (Wr) onto W p k ' x , and yj* is a coretraction. (7.4) 

Furthermore, set 

<Pp, K --=P* m V^Vp, K > ~ pHv^TV^ (7-5) 

and 
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Then it follows from Theorem 11.1 of JJJ that ip p is a retraction from from T> onto V and from £ p (W p ) 
onto Wp ,x , and tp p is a coretraction. 

From step (2) of the proof of the latter theorem we know 

p- m V^9-^ l|PK m V^5lU,oc + ||p™(V^5) _1 |U,oc <c(k), k£& 7 fceN. (7.6) 

This implies that we can replace if PtK and tp PtK in J5] Theorem 1 1.1] by ip PtK and ip PtK , respectively. Consequently, 

ifjp is a retraction from T> onto V and from ^p(W^) onto W p k ' X , and 92^ is a coretraction. (7.7) 

(2) Let now W = (W, hw, D) be an arbitrary fully uniformly regular vector bundle over M, Then (15.191 ) is 
the analogue of Lemma 3.1(iv) of @. Furthermore, (15.1 It implies the analogue of (5. part (v) of Lemma 3.1]. 
If W = M x K, then the proofs of ( 17.4b and (17.7b are solely based on Lemma 3.1 of Q. Hence, due to the 
preceding observations, they apply without change to the general case as well. Thus (17.41 i and ( 17.7b hold if W is 
an arbitrary fully uniformly regular vector bundle over M. 

(3) The assertions of the theorem are now deduced from (17.4) and ( 17.71 ) by interpolation and duality as in fl5|. 

□ 

Let X and Y be Banach spaces, R : X — >• Y a retraction, and R c : Y — s- X a coretraction. Then 

|M|y = ||i?i? c y||y < ||i?|| ||i? c j/||x < ||i? c || \\y\\ Y , 1J e Y. 

Hence 

IMIy-||i? C -||-Y. (7.8) 

From this and Theorem l7.1l it follows that 

« >-> ( 7 - 9 ) 

is a norm for g^' A ■ Furthermore, another choice of J^x <E> and the localization system leads to an equivalent norm. 
For k E R and k G 9T(k;) we define a linear map 

5« K : £ X£ -> « ^ (KK^)*(KK^)*(xu). (7.10) 

The following lemma will be repeatedly useful. 

Lemma 7.2 Suppose s G M + w/f/i s > if $ = B. Then 

Sn K € C($ s p ^,F PtK ), ||Sj&,||<c, KGOt(rt), KG A 

Proof. Note that, by ( 12.5b and our convention on (kk^),, 

S^f = {(x v ) ( K ■ 

Hence it follows from ( 13.1b . (13.3b , (15.6b , (15.7b , d7.3b , and the product rule and Leibniz' formula that the asser- 
tion is true if s G N and $ = H, since if* K = W pK for s G N. Now we obtain the statement for general s by 
interpolation. □ 



It follows from Theorem |7JJ and the preceding consideration that 

all results proved in 12 /or the Banach space scales [3s p ; s G R] (7 11) 

of scalar-valued (cr, r)-tensor fields are likewise true for W -valued (a, r)-tensor fields, 

using obvious adaptions. Thus, in particular, the properties of A listed in Section|6]are valid. Henceforth, we 
use (17.11b without further ado and simply refer to |]5] . 
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8 Anisotropic Bessel Potential and Besov Spaces 

Given subsets X and Y of a Hausdorff topological space, we write X <e Y if X is compact and contained in the 
interior of Y. 

Let / be an interval with nonempty interior and X a locally convex space. Suppose Q is a family of seminorms 
for X generating its topology. Then C°° (I, X) is a locally convex space with respect to the topology induced by 
the family of seminorms 

u i y sup q(d k u(t)) , k € N, K g I, qe Q. 

teK 

This topology is independent of the particular choice of Q. 

For K <g / we denote by T>k(I, X) the linear subspace of C°°(I, X) consisting of those functions which are 
supported in K. We provide T>k (I, X) with the topology induced by C°° (I, X). Then T>(I, X), the vector space 
of smooth compactly supported A"-valued functions, is endowed with the inductive topology with respect to the 
spaces T>k(I, X) with K <e /. If K <s K' <e /, then T>k'{I,X) induces on T>k(I,X) its original topology. 
Note, however, that in general X) is not an LF-space since T>k(I, X) may not be a Frechet space. Given 
a locally convex space y, a linear map T : T>(I, X) — > y is continuous iff its restriction to every subspace 
T>k{I, X) is continuous (e.g., Section 6 of H.H. Schaefer l40l ). 

From now on it is assumed, in addition to (14. 4t and ( 16. Il l, that 



reN x , fieR, Je{R,R+}. 



We set 

. l/f:=(l,l/r)£R 2 , t3:=(A,/i), 

so that s/r= (s, s/r) for s £ R. 

Suppose feeN. The anisotropic weighted Sobolev space of time-dependent T'F-valued (a, r)-tensor fields 
on M, 

W kr/f,a = w kr/r,Z^ j g ±£ subspace of W* r ' X ) 

consisting of all u satisfying d k u g L p ( J, Lp +kfJ "), endowed with the norm (8.1) 

fc„.n 



\\u\\ kr /r,p;a ■■= (IMI^j^'-.A) + W dku h p (.LL^ k n) 



Thus < /r ' w = L P (J,L X ). 
Theorem 8.1 

(i) Wp T ^ is a reflexive Banach space. 

(") IMIfcr/r>;cD : = (INI L p(lWp <^) + ^J=0 ^^^W^-^-^y^ " e 1 uivalmt n0Tm - 

(iii) V{J,V)Aw p kr/? >*. 

Proof. It follows from Theorem 19.31 below that W p kr ,u is isomorphic to a closed linear subspace of a 

reflexive Banach space, hence it is complete and reflexive. Proofs for parts (ii) and (iii) are given in the next 

section. □ 



Observe 



\ U \\kr/r,p;Q 



J E \\p X+l+m+T - a \V l diu\ h \\ p p dif' P (8.2) 

^ i+jr<.kr 



and 

W kr/r,(X.O) ± Lp(Jj W*> X ) PI W k (J, L X ). 



25 



Note that Theorem 18.1 H i) and (18.21 show that definition ( 18.11 ) coincides, except for equivalent norms, with (11. 2t . 
Also note that the reflexivity of L p implies 

W p °/^ = L P (J,L$) = {L p ,{J,L p ,\V')))' 
with respect to the duality pairing defined by 

(u,v) M x.j ■= J (u(t),v(t)) M dt. 

Given < 9 < 1, we set 

(v) fl == 



For s > we define 'fractional order' spaces by 

~ s/ W = , y V= / )/r, kr <s<(k + l)r, 

^ P l ' J ' l(^/^,< +2 )^) 1/2 , ,s = (fc + l)r. 1 J 

We denote by 

= Sp^iJ, V) the closure of X>( J, V) in S^" 3 . (8.4) 
Then negative order spaces are introduced by duality, that is, 

K S/T ~ a = V M3 ( J > V ) : = {frf'^U V '))'> s > 0. ( 8 - 5 ) 
with respect to the duality pairing induced by (• , - ) MxJ - We also set s(p) := l/2p and 

ff^ := L P (J, L$), B° p ^ := (H p s ^ a , H s ^l f >*)y 2 , p . (8.6) 

This defines the weighted anisotropic Bessel potential space scale [-Hp ; s € R] and the weighted aniso- 
tropic Besov space scale [B p ^ r ' u ; s e R]. 

The proof of the following theorem, which describes the interrelations between these two scales and gives 
first interpolation results, is given in the next section. Henceforth, £g := (1 — #)£o + 9£i for £cb£i £ R and 
< 9 < 1. 

Theorem 8.2 

(i) fl* r/ * ,,a = fc e N. 

(ii) B s 2 /f > a = s e R. 

(iii) (B s p o/P < s ,B s p l/r ~%, p = B s p » /P '*, < So < s lt < 9 < 1. 

av) [s; o/ ^,s; i/? '% - s? 9/i, ' a . o < So < SlJ o < < i. 

Next we prove, among other things, an elementary embedding theorem for anisotropic weighted Bessel po- 
tential and Besov spaces. 

Theorem 8.3 

(i) Suppose — oo < sq < s < Si < oo. Then 

v(j, v) 4 h; 1 '^* 4 B s p / f - a A h; '^. (8.7) 

(ii) Assume s<l/pif dM ^ 0, and s < r(l + 1/p) if 9M = $andJ = R+. T/ien ^ / ^ t3 = Sp 7 ^. 
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P r o o f of (i) for s ^ 0. Using reiteration theorems, well-known density propertie s, and relations between the 
real and complex interpolation functor (e.g., |]2] formula (1.2.5.2)] and Theorem l8.U iii)). we see that ( 18.7b is true 
if s > 0. 

Since T>( J, V) is dense in Hp^ r,UJ = L p (J, L*) it follows 

Hence the definition of the negative order spaces implies that d8.7| i holds if si < 0, where the density of these 
embeddings follows by reflexivity. This implies assertion (i) if s ^ 0. The proofs for the case s = and for 
assertion (ii) are given in the next section. □ 

Corollary 8.4 Suppose set 

(i) $p T,UJ is a reflexive Banach space. 

(ii) If a > 0, then ft/™ = (S p , s/ ^( J, V'))' with respect to (■, -) MxJ . 

(in) $ p ' 5p i/ si > so- 

Proof. Assume s > 0. Then assertion (i) follows from the reflexivity of W p kr ^ r,u) for k £ N and the duality 
properties of the real and complex interpolation functors. Hence $ p r,ul ( J, V), being a closed linear subspace of 
a reflexive Banach space, is reflexive. Thus $ p s / r > w j s reflexive since it is the dual of a reflexive Banach space. 
We have already seen that H p r ' u is reflexive. The reflexivity of Bp^ r ' w follows by interpolation as well. This 
proves (i) for every s € M. 

Assertion (ii) is a consequence of (i) and (18.5b . Claim (iii) is immediate by ( 18.7b . □ 

If M is uniformly regular, that is, %(M) = [1], then Sp^'" is independent of Q. These non-weighted spaces 
are denoted by 3p , of course. If W = M x K, then we write (M x J) for $p u (J,Vq). Since 

Vo° = M is in this case the trivial vector bundle MxK, whose sections are the K-valued functions on M, this 
notation is consistent with usual identification of L p ( J, L p (M)) with L^(M x J) via the identification of u(t) 
with i). 

9 The Anisotropic Retraction Theorem 

Let { E a ; a € A } be a countable family of Banach spaces. We set L p (J, E) := fT L p ( J, _E Q ). Fubini's theo- 
rem implies 

t p (L p {J,E)) = L P (J,£ P (E)), (9.1) 

using obvious identifications. We also set (E, F)q := W a {E a , F a )g for < 9 < 1 if each (E a ,F a ) is an inter- 
polation couple. 

We presuppose as standing hypothesis 



(p, &) is a singularity datum for M. 

M.K $ is a uniformly regular atlas for W over .ft. 

i 7 " = (F, (• | -) F ) is a model fiber for W with basis (ei, . . . , e„). 

{ (tTk, Xk) ; k G ^ } is a localization system subordinate to .ft. 



On the basis of (17. 9b we can provide localized versions of the norms || ■ \\ kr ip p .Q and || • ||^ r 
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Theorem 9.1 Suppose k e K Set 

,i/p 



and 



!//■< 



III-IIIW^ := (ll^lli (ip( , W )+Ell^ > (^-)III p(Lp(JiW ,- 3 > )) 

III ' Illfcr/^piS ~ II ' Wkr/r,p;0 ° nd III ' Wfcr/r,p;cD ~ II ' llfer/f,p;cD- 

Proof. This follows from dT9]l and dO- □ 
It is worthwhile to note 

IIHIIw^ia = (E/ E (^ +|a!|+J>+m/9 ||^^(KK V ),(vr KU )|| p;i3 ) p ^ 1 

K |a|-t-jr<fcr 



Together with Theorems 18. U ii) and |9. 1 I this gives a rather explicit and practically useful local characterization of 
anisotropic Sobolev spaces. 

For abbreviation, we set 

• Y K := X K x J, k G Si. 
Hence Y K = X K x J is the interior of Y K in R m+1 = W n x R. We also put 

X>(Y, £0 == T>C**,E)> := 2?(Y, £) 

and 

W^-Wf-^Y,,,^, ^:=^ /f? (Y Kj £:), seR, fc e N. 

More precisely, the 'local' spaces W P ^ K and are special instances of Wp* 7 " " and 3? > respectively, 
namely with 71/ = (X K , <jr m ), p = 1, = X K x F, and D = dp- 
It is of fundamental importance that these spaces coincide with the anisotropic Sobolev, Bessel potential, 
and Besov spaces studied by means of Fourier analytical techniques in detail in H. Amann (4), therein de- 
noted by Wp V/u {Y K ,E), Hp /v (Y K ,E), and B° /u (Y K ,E), respectively, where v := r and v := (l,r). For 
abbreviation, we set Wp"J u := Wp V ^ v (Y K , E) and 5p{« '■= -Sp^ U (Y K ,E). Furthermore, we write W p ^J r for 
l p(J, w p%) n w p( J, L PiK ) endowed with the norm || • |£ r/Fip . 

Lemma 9.2 

(i) IfkeN, then W p % /P = W p ky J v = W p k "J f 'for k e St 

(ii) Ifs e R, f/zen = /or k e ft 

Proof. (1) If J = R+ and k £ &om, then Y K is isomorphic to the closed 2-corner R+ x R+ x R m_1 (in 
the sense of Section 4.3 of by a permutation isomorphism. Otherwise, Y K equals either the half-space H m+1 
(except for a possible permutation) or R m+1 . 

(2) If Y K = R m+1 , then (i) follows from Theorem 2.3.8 of and the definition of W P "J V in the first para- 
graph of Section 3.5]. If Y K ^ R m+1 , then we obtain claim (i) by invoking Theorem 4.4.3(i)]. 

(3) Suppose Y K = R m+1 . Then statement (ii) follows from Theorem 3.7.1]. Let Y K ^ R m+1 and s ± 
if J = B. Then we get this claim by employing, in addition, |4, Theorems 4.4.1 and 4.4.4]. If Y K ^ R m+1 , 
5 = B, and s = 0, then we have to use {4; Theorem 4.7.1(h) and Corollary 4.1 1 .2] in addition. □ 
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Due to this lemma we can apply the results of [4 1 to the local This will be done in the following 

usually without referring to Lemma |9~2l 

Let X be a locally convex space and 1 < q < oo. For k £ .ft we consider the linear map 0^ K : X J — > X J 
defined by 

0£ B u(t) := p£'*u{p£t), u€X J , t€J. 

Note 



and 



Moreover, 



and, if A" is a Banach space, 
We put 



6^ o 9 _Al = 6° = id 

q,n q-K <7)« 



Q% tK {C(J,X))cC(J,X). 

d k o e£„ = P *"e^ o a, fee n, 
IIQa.^lU.cj.AO = lklU,(j,^)- 



and 



(9.2) 
(9.3) 
(9.4) 
(9.5) 
(9.6) 

(9.7) 
(9.8) 



After these preparations we can prove the following analogue to Theorem l7.ll Not only will it play a funda- 
mental role in this paper but also be decisive for the study of parabolic equations on singular manifolds. 

Theorem 9.3 Suppose s6i Then the diagrams 



V{J,V) 




V{J,V) 



id id 



V(J,V) t 



are commuting, where s > in the second case. 




V(J,V) c 



Proof. (1) It is not difficult to see that D(J,"D K ) = T>(Y K ,E) by means of the identification u(t) = u(-,t) 
for t £ J (see Corollary 1 in Section 40 of F. Treves P91 , for example). Consequently, 



5(Y,£) = 0D(J,2)J. 



Similarly, V(J, V K ) = V(Y K ,E), and thus 

V(Y,E) = @V(J,V K ). 

K 

Using this, ( 19.41 ), and (19.5b . obvious modifications of the proof of Theorem 5.1 in J5) show that the assertions 
encoded in the respective left triangles of the diagrams are true. 

(2) Suppose k e N. From (19.6b we get 



\\ 1 P%,k u \\l p (J,W p %) = \\<Pp,k u \\l p (J,W p %)- 
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Hence, using ( 19. II ) 

\\¥>p u \\e p (L p (J,W£n) = ll < ^p U llL p (,7,£ p (W p '"'))- 

From this and Theorem |7.1| we deduce 

\\fpu\\i p (L p {j,w^)) - c W u h p (j,wr-*)> 

that is, 

<4 G £(L p (J,Wf-'Vp(MW P fer ))). (9.9) 
By means of ( 19.51 ) and ( 19.6b we obtain 

\\d^* K u\\ Lp{J Wpk - 3) = H^^'uJIU,, < j < k. (9.10) 

Consequently, invoking ( 19.11 ) and Theorem |7. 1 l once more, 

\\d k viAi r {L p {j, Lp )) < c\\d k u\\ Lp{JL x + ^ y 

This, together with ( 19.9b , implies 

<4 G £(^ p fe ^V p (Wf (9-11) 

(3) Note that 

Vp,k^p,k = OiU&U, (9.12) 

where 

Lemma l7T2l estimate ( 14.3b . and d7.3l )(iii) imply 

«EKeBC l (X fi ), lk««IU,oo <c(fc), i?e«W, kg£, fceN. 

Hence we infer from (19.121 and Lemma 17721 

G A^fe, 11^,^11 < c(fc) 

for k G 9t(ft), k€^ and fc G N. By this and d9~6l ) we find 

II^kV^IIl^j^j = ll<^p, K V'p,s; w IU P (J,^j < c IMI l^j.w;^) ( 9 -13) 
for k G re € and fc G N. Similarly, using ( |93l l, 

IK^^^))!!^^,^^ = ll^^'^^^IU,^^) <c\\d k v\\ LpULp ^ (9.14) 

for k G 9t(rt), k € and fc G N. 
Observe 

= E ( 9 - 15 ) 

Ke9i(K) 

From ( 19. 1 3b — (19. 1 5b and the finite multiplicity of & we infer 

ll¥ J p(V'p^)l!f p (L p (j,w p -)) < c \\ v \\e P (L P (J,w^)) (9.16) 

and 

||^ + ^(^(W^))||, p(Lp(J , ip)) < c\\d k v\U p{Lv(JM) . 

Hence Theorem |9. ll implies 

\\lppV\\kr/^p:iS < c \\ v \\ ep{w ^/-y 
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that is, 



^e£(£ p (W^ r \w p kr ^). 



(9.17) 



It follows from ipp(fp = id that ippfp = id- Thus we see from ( 19.1 It and ( 19.17) that the diagram 



kr / r 



id 



kr /r,L 



(9.18) 



r kr j ' r 



is commuting. 

(4) It is a consequence of Lemma r9~2li) and Theorems 2.3.2(i) and 4.4.1] that V(J, V K ) = T>(Y K ,E) is 
dense in W p k ^J T . This implies 

2>(Y, £)40 = c c (W^). 



Hence, by ( 17.2b . 

T>(Y,E) <\ £ p {W kr ' f ). 
Thus we deduce from step (1) and ( 19. 18b that 



(9.19) 



V(J,V) 



kr /r,L 




V{J,V) 

is a commuting diagram. From this and |4. Lemma 4. 1 .6] we obtain 

V{J,V) 4 W p kr/ ^ a . 



kr/r,uj 



(9.20) 



(5) Suppose k G N and kr < s < (k + l)r. If s < (k + l)r, set 8 := (s — kr)/r and I := k + 1. Otherwise, 
:= 1/2 and £ := k + 2. Then we infer from ( 19.18) and (18.3) by interpolation that ip^ is a retraction from 

(i P (W kr /%£ p (W^ f )) e (9.21) 

onto Sp^' 13 . By Theorem 1.18.1 in H. Triebel J50), (EID equals f p ((Wj r/? , W^ r/f %), except for equivalent 
norms. 

It follows from Lemma |9~2l and (4, Theorem 3.7.1(iv), formula (3.3.12), and Theorems 3.5.2 and 4.4.1] that 
(Wp^J r , Wp^J r )e = Sj^k- This shows that the right triangle of the first diagram is commuting if s > 0. Fur- 
thermore, the density properties of the interpolation functor (•, ) e , ( 19.191 ), and ( 19.201 ) imply that the 'horizontal 
embeddings' of the first diagram of the assertion are dense if s > 0. This proves the first assertion for s > 0. 

(6) It is a consequence of what has just been shown and step (1) that the second part of the statement is true. 

(7) Let X be a reflexive Banach space. Then 

(v,Q^ K u) Lpi j, x) = (Q;,%v,u) Lp{ j, xh u G L P (J,X), v G L p ,(J,X') = (L P (J,X))'. 

We define tp" and tp" by replacing Lp p K and ip* K in ( 19.7) and d9.8l ) by <p* K and ip* K , defined in ( 17.5) . respectively. 
From this we infer (cf. the proof of Theorem 5.1 in l|5l ) 



(v,<p$u), ve-D(Y,E), ueV{J,V), 



(9.22) 
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and 

(y-?v,u) = (v,i)%u) MxJ , veV(J,V), ueV(Y,E). (9.23) 
Moreover, (18. 5t implies for s > 

It follows from (17.6b tha t ^ a nd ^ possess the same mapping properties as tp p and ip p , respectively. Hence we 
deduce from d9.22| i and (19.231 l that, given s > 0, 

llv^ll^--/*) <c\\u\\ s - s/ ^, u 6 P(J,P), 

and 

lK«||y-./^<cH| ip(? _./i- )J uG ©(¥,£?). (9.24) 
We infer from (19.201 1, Theorem |8.3t i), and reflexivity that T>( J, I?) is dense in 3> Hence 

4eC{$- s l^,i p {$-s/?)). (9 25) 

Since, as above, T>{ J, = D(Y K , E) is dense in $p^J r we see, by the arguments used to prove (19.19) , 

V(Y,E) A^ p s ' F ). (9.26) 

Thus implies 

i>t&C(l p {$- s '%$- s ^). (9.27) 

From d9.251 l-( l9.27b and step (1) it now follows that the first statement is true if s < 0. 

(8) Suppose s = 0. If 5 = H , then assertion (i) is contained in (19.181 l (for k = 0). If $ — B, then we deduce 
from Lemmallltii) and gj Theorems 3.7.1, 4.4.1, 4.7.1(H), and Corollary 4.1 1.2] that 

(V[-s{p)/r fjs(p)/r\ j_ nO/r _ a 

\ n p,K i n p,n )l/2..p — -O pK , K fc Jt. 

Thus, as in step (5), 

{t p {H-°MI?) MH «* )/ ? )) 1/2 , p = 

Since we have already shown that ^ is a retraction from £ p (H p s ^ p ^ r ) onto H p s<,p ^' , it follows from defini- 
tion (18.61 ) that it is a retraction from £ p (B p ^ r ) onto B p ^ r,UJ . This proves the theorem. □ 

Now we can supply the proofs left out in Section [8] First note that assertion (iii) of Theorem 18. II has been 
shown in ( 19.201 ). 

Proof of part (ii) of Theorem 18. 11 It is a consequence of Lemma |9.2f i) that 

iptyr?'*) = WW?'*). 

Hence, due to d7lfl i and ( 19.181 l. 
Using (|93 and d9~T0l i one verifies 

Wfp ' 11^ ,^Ar/fj ~ lll"lllfer/r,p;tD- 

Now the assertion follows from Theorem |9.1| □ 
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Proof of TheoremlO (1) Lemma El and Theorems 3.7.1 and 4.4.3(i)] imply H P ^ P = W p kr J P for 
k£J? and k G N. Hence 

i v {H h ;i ? ) = e p (w^), k G n, 

and assertion (i) is a consequence of Theorem |9.3l 

(2) In order to prove (ii) it suffices, due to Theorem |9 . 3 l and Le mma r9~2l to show H 2 V (Y K , E) = B 2 r (Y K , E). 
By the results of Section 4.4 of HJ we can assume Y K = R m+1 . 

Suppose s > and write fl| := iff (R m , £), etc. Then Theorem 3.7.2] asserts 

H S 2 ,V = L P (R,H°) n H 2 /u {R,L 2 ). 

From Theorem 3.6.7 of |4'j we get 

B s 2 /v = L 2 (R, B s 2 ) n B 2 f "{R, L 2 ). 

By Theorem 2.12 in ll50l we know that H 2 = B 2 . Remark 7 and Proposition 2(1) in H.-J. SchmeiBer and 
W. Sickel E2 guarantee H 2 /,y (R, L 2 ) = B 2 /l/ (R, L 2 ). This proves H 2 /v = B s 2 /u for s > 0. The case s < 
follows by duality. 

From Lemma |9~2l ii) and (3.4.1) and Theorem 3.7.1] we get [3 2 s(p)/P , I?2 (p)/ 1i/2 = ■ Thus > b y what 
we already know, 

±S 2 —\a 2 1 t> 2 \\/2~[n- 2 1 tl 2 \ 2 — H 2 . 

This settles the case s = also. 

(3) By (3.3.12), (3.4.1), and Theorems 3.7.1(iv) and 4.4.1] we know that assertions (iii) and (iv) hold for 
the local spaces $ p {t,. Thus we get (iii) and (iv) in the general case by the arguments of step (5) of the proof of 
Theorem|<0] □ 

Proof of Theorem l8.3f i) for s = 0. Since ( 18.7b has already been established for s G R\{0} it remains to 
show that 

Jjsi/F,2> A RO/r.cD d Tjso/r.S 

-t-Lp 7 ±Jp 7 Jip 

if — 1 + 1/p < s < < si < 1/p. By Theorems 3.7.1(iii), 4.4.1, 4.7.1(ii), and Corollary 4.11.2] 

h;^Ab^Ah^. 

From this and Lemma p9~2l we deduce 

e P (H;^) A £ p (B° p / p ) A t p {H s p ^). 

Now the claim follows from Theorem 19. 3 1 □ 

Proof of TheoremESii). If J = R and dM = 0, then the claim is obvious by <E3K V(J, V) = V{ J, V), 
and (i). Otherwise, we get from Theorem 4.7. 1 and Corollary 4. 1 1 .2], due to the stated restrictions for s, that 
3p(k = Sp(k- Here we also used the fact that 

v(j, v K ) A tf A d~ t/p , t>o, K g ii 

Hence £ p ($t/ r ) = (■ P {'S p r ) and the claim follows from (the right triangles of the diagrams of) Theorem |9.3l □ 
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10 Renorming of Besov Spaces 

Let X be a Banach space and X G {R m , H" 1 }. For u : X — s- A" and h G H Tn \{0} we put 

A, lU := «(■ +h)-u, A|; +1 u := A^A^u, fc G N, A° h u := u. 
Given k < s < k + 1 with s > 0, 

/IIA^IUV dfc \Vp 

[U\s,p-X ~ 

where IMIp;^ : = II-|Il p 'v fesetfors > 



\h\> J \h\ 



II 'IL.p;* :== (II ' Hp; A' + Ns,p ; Ar) 

Suppose k < s < k + 1 with k 6 N and s > 0. Then 

i/p 

I^II^J 



\\u\\ k , piX := ( E ||d>||£. ; 
is the norm of the X-valued Sobolev space W p k (X, X) and 



- J! ft>} P S -k,p;x) 1/P ' k<8<k + l, 



\k,p;X ' 

a | = A: 



Up;* 



Ifc-l.p:* ^ 

|a|=fe-l 



E I«,p;*) 1/P > * = fceN> 



Then, given s > 0, 

B*(X,A0 :=({ueL p (X,*); [«] lM < M }, ||.|i:, p;Ar ) 
is a Banach space, an X-valued Besov space, 



\s,p;X II lls.p;*' 



(10.1) 



and 2?(X, X) <-t Bp(X,X). These facts can be derived by modifying the corresponding well-known scalar- 
valued results (e.g., H.-J. SchmeiBer PT1 orH. Amann J3|). 

Now we choose X = J. Note that 

a£ o e£ K = o A% h , i< q <oo. 

Hence d9.6t implies 

[% K u]s,p;X = P^[u] s , P ;X- (10.2) 

Suppose s > 0. Then 

IMI 8 V> ; * := (Hl*^ + K/r, P -,L^) 1,P (10.3) 
and, if kr < s < (k + l)r with k G N, 

'\<k P -,* = (niu* +Eii^ii^-^ + i^u^) 1 " (10 - 4) 



Besides of these norms we introduce localized versions of them by 

\h\\\:,?, P ;a ■■= } + [^ /r ur s/riP . ML j l/p (io.5) 
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and, if kr < s < (k + 1) 



r. 



v \\p 



:= (ll^«l&,(B;>+£ll*^ 

j<k 

\ i/p 

+ 1° U \(s-kr)/r,p;i p (L p ) 



(10.6) 



Theorem 10.1 Suppose s > 0. Then (110.3b — (110.6b are equivalent norms for Bp T,u} . 
Proof. ( 1 ) It follows from (|9~6i that 

\\<Pp u \\vMBi) = \\VpU\\ P -MB%)- ( 10 - 7 ) 

Using (110.2b we get 

\vi K u]s/r, P ;L v , K = [^' r </r, P ;L v „- (10-8) 

Thus, by Fubini's theorem, 

[<PpU}s/r,p;f p (L p ) = [<Pp +S ' l/ ' r u\ s /r,p;t p (L p )- 

From this and ( 110.7b we obtain 

= (y>\\ p PM B }) + ^< Mp; ml p )) 1/p (io-9) 

Similarly, invoking ( 19.5b as well, 



j<k 

if kr < s < (k + l)r. 

(2) Lemma r9~2l and J3J Theorems 3.6.3 and 4.4.3] imply 

b;{: = l p (j,b; k ) n b;^(j,l p , k ), k£ i 

Hence 

due to _Bp K e — > ip, re . From this, ( 110.9b . and Fubini's theorem we deduce 

IIHII«/f»p;3 ~ ll^p ' ll£ p (B = /? )- 



VP 



Thus ( 17.8b and Theorem l9 . 3 1 guarantee that (110.5b is a norm for Bp T,UJ . Similarly, using dlO.lb , we see that ( 110.6b 



is a norm for B p 

(3) We set a := X + sp,/r and /3 := a + t — a. Then we deduce from (I4.1b (iv), (15.11b , (17.6b . and 15] Lem- 
ma 3.1(iii)] 



J J 

oo 



JJJC/, 



for u G X>( J, T>). We insert 1 = 7r~ in the inner integral, sum over k E and interchange the order of 
summation. Then 

K< /r ,p- MLp) ~ E E £° / X_ l A t +1 "l'0 p ««5 * ■ 
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Using d7.3K iii) and the finite multiplicity of & we see that the last term can be bounded above by 



£l+ps/r 



o JjJm {P " ^ +lu ^ PdV * dt ^ = c ^ Lr 
Hence, recalling ( 110. 8b . 

[Ppu] s/r ^ p[Lp) < c[u] s/riP . L x+s„ /r , u G V(J,V). (10.10) 

(4) It is a consequence of Theoreml7~T1that cp* G C(Bp X , £ p (B s p )) . This implies, due to ( 110.7b , 

II^«IIp^(b;) = II^«IIp^(B5)<c||u|| p . b .,», ueV(J,V). (10.11) 
Thus we obtain from ( fT09] i, dlO.lOt , and fll0.il> 

ni«iii:/^<chii: A>;L3 , uex»(j,©). (io.i2) 

We denote by B p ' r ^ the completion of X>( J, V) in i p ( J, L£) with respect to the norm || • ||* /Fp;t3 . Then ( 110.121 ) 
and step (2) imply 

T>s/f,CS DS/?,U 
Up 7 Up 

(5) Observing rjf£ K = Xnipp K an ^ — X« < 1> me finite multiplicity of $ implies 

i/p , x i/p' 

< 1/ 
i/p 



iAfv>u = |E4 + ^«L^(Ei A e +1 ^i") P (E^ 

<c(£|A*+V£>, 
for v € £>(Y, E 1 ). Hence, reasoning as in step (3), 



< c 



re k 
re 

forv G X>(Y,£). 

(6) Theorem l7.1l and d7.9b guarantee that • H^b*) is an equivalent norm for Bp ,x . This implies 

UpV\\ p . Bi ,^ < c \\^v\\ p , MBi) , v G T>(Y, £). (10.13) 
From d9.16b we infer by interpolation, using the arguments of step (5) of the proof of Theorem 19. 3 1 that 

K<«lk(MJ,B«)) < c \\ v \U P (L P UB p}} , v G ©(¥,£?). 
Hence (110. 13b and (|9J} imply 
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By combining this with the result of step (5) we find, employing (19. U once more, 
Thus, by Theorem |9.3l 

\\ u \\* s /r.p;u = W^p (VpUWs/r^O < c 1 1 fp u \\ tj> (B s p /P ) = C INH s/F,p;<3 > M G V(J,V), 

the last estimate being a consequence of (110. 9l l. Since, by step (2), (110.5b is a norm for Bp' u , we get 

l|tC/?*;S><c|M| B ./*a, ueV{J,V). 

This implies Sp /?,<3 Bp 7 ^. From this and step (4) it follows that £jjD) is a norm for i? p ' . 

(7) The proof of the fact that ( 110. 4t is a norm for Bp™ is similar. □ 

Corollary 10.2 If s > 0, then B s p /F ' {m = L p {J, B^) n B s J r (J, L*). 

11 Holder Spaces in Euclidean Settings 

In J5] it has been shown that isotropic weighted Holder spaces are important point-wise multiplier spaces for 
weighted isotropic Bessel potential and Besov spaces. In Section [13] we shall show that similar results hold in 
the anisotropic case. For this reason we introduce and study anisotropic weighted Holder spaces and establish 
the fundamental retraction theorem which allows for local characterizations. In order to achieve this we have to 
have a good understanding of Holder spaces of Banach-space-valued functions on R m and H m . In this section 
we derive those properties of such spaces which are needed to study weighted Holder spaces on M. 

Let X be a Banach space. Suppose X g {W n , H m } and XejIJx J}. Then B = B(X, X) is the Banach 
space of all bounded X- valued functions on X endowed with the supremum norm | ■ jj^ = | ■ || oa . 

Throughout this section, k,ko, k\ sN. Then 

BC k = BC k (X,X) := ({ueC k (X,X); d%ueB{X,X), \a\<k}, \\-\\ k>00 ), 

where 

IMkoo := max Hd"^!^, 

\a\<k 

is a Banach space. As usual, BC = BC°. We write || • ||. x for || • ||, if it seems to be necessary to indicate 
the image space. Similar conventions apply to the other norms and seminorms introduced below. 

Note that 

BUC k = {u e BC k ; d"u is uniformly continuous for \a\ < k } 
is a closed linear subspace of BC k . The mean value theorem implies the first embedding of 

BC k+i ^ BUC k ^ B(J k ( U1 ^ 

Hence 

BC°° := f)k BCk = f)k BUCk - ( 1L2 ) 
It is a Frechet space with the natural projective topology. Thus 

BC°° ^ BUC k , k e N. 

In fact, this embedding is dense. For this we recall that a mollifier on R d is a family { w v ; rj > } of nonnegative 
compactly supported smooth functions on R d such that w v (x) = i]~ d wi(x/i]) for leff 1 and J w\dx = 1. 
Then, denoting by w n * u convolution, 



w v *u£ BC°°(R d ,X), u£ BC(R d ,X), 



(11.3) 
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and 

lim w v *u = uinBUC k (R d ,X), u G BUC k (R d , X) , (11.4) 
(cf. Q Theorem X.7.1 1], for example, whose proof carries literally over to ^-valued spaces). From this we get 

BC°° A BUC k (11.5) 

if X = M. m and J = M. In the other cases it follows by an additional extension and restriction argument based on 
the extension map (4.1.7) of fl4j (also cf. Section 4.3 therein). 

From now on X = X. For k < s < k + 1, < <5 < °o, and u : X — > A" we put 



ML.- »up 



|^|s ' I- Js.oo ■ L Js,oo' 



Furthermore, 

IHlU^IHIoc + Ha.oo. S>0 - 

Note that h € (0, oo) m \ (0, S) m implies (5 < |/i|oo < \h\ < Vm|ft|cx>. Hence 



<HLo+ 4 <^H "Hoc 0<e<l, 0<<5<oo. (11.6) 



If < O < < 1, then 
Consequently, 



5 < V^^-°°[-]loo. 0<5<oo. (11.7) 



[■} e0>oo < >mnU +4 H-ii« ^ ^[^,00 + 411-IL. 

This implies 

ll-li; ,oo<cMIMi;,oo: o<e <e<i. (11.8) 

Suppose u G £?C fc and denote by D the Frechet derivative. Then, by the mean value theorem, 

A k l u(x)=[ ■■■ [ D k u(x + (t 1 + ---+t k )h)[h] k dt 1 ---dt k , 
Jo Jo 

where [h] k := (ft, . . . , ft) G X fc . From this we get 

Me.oo < ™ fc/2 <S fc ~ 9 IMkoo, < 6» < 1, < fc, (5 > 0, ueBC k . (11.9) 

Thus, by (TTT61) . 

||-|i; j00 < c(m) ||-|| lj00 , O<0<1. (11.10) 

We also set for fc < s < fc + 1 

IMir°o ; = HU.oo + max[9^u] s _ fe ,oo- 

|a|=fe 

Iffc<.s<fc + l,then||-|| Si0o -H-ll^and 

BC S =5C S (X,^) := ({ueBC*; max [fi£u] ,_*,«, < oo }, |Hl sfe ), k<s<k+l, 

\a\—k 

is a Holder space of order s. 

Given ft = (ft 1 , . . . , /i m ) G X, we set ftj := (0, . . . , 0, hP , . . . , h rn ) for 1 < j < m, and ft m+ i := 0. Then 

m 

A/ i u(x) = y^(tt(a: + ftj) - u(a: + ftj+i)) • 

3=1 
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BL := 



From this we infer for < 9 < 1 and h? ^ for 1 < j < m 

\\AhuWoe ^ \\u(- + h 3 ej) - uWoq ^ ^ ||n(- + h?ej) - u\\oo 

= 2^ SU P rTjTe < m Me,™- 

Consequently, 

[u]e,oo < sup " A S°° < m [u]e t00 , < 9 < 1. (11.11) 

h=io \n\ 

This shows that BC S coincides, except for equivalent norms, with the usual Holder space of order s if s £ R + \N. 
From dl 1.1 1) we read off that the last embedding of 

BC k+i ^ BC s ^ BC s ^ BUC k , k < s < s < k + 1, (11-12) 

is valid. The other two follow from (11 1.8) and (111.10) . 

We introduce the Besov-Holder space scale [ B^ ; s > ] by 

f (BUC k ,BUC k+1 ) s - k:00 , k<s<k+l, 
{ (BUC k ,BUC k+2 ) 1/2 , 00 , s = k + l. 

Theorem 11.1 

(i) ||-|j* j00 and || -11**^ are norms for B^. 

(ii) B^ = (BUC ko ,BUC k i) {s _ ka)/{kl ^ kohQC fork < s < fa. 

(iii) 7/0 < s < Sl and < 9 < 1, then (B%, B£) 0iOO = B s £ = [B s £,B£]g. 

Proof. (1) For s > we denote by B^ x = B^ ^(X, X) the 'standard' Besov space modeled on for 
whose precise definition we refer to Q (choosing the trivial weight vector therein). 
It is a consequence of JU (3.3.12), (3.5.2), and Theorem 4.4.1] that 

BL,oo = (BUC k °,BUC kl ) (s _ ko)/(kl _ ko)>00 , k <s< fa. 

This implies 

Bio = B^^ (11.13) 

and, consequently, statement (ii). 

(2) The first part of (iii) follows by reiteration from (ii). 

For £ <G R m we set A(£) := (1 + |£| 2 ) 1/2 . Given s e R, we put A s := F^A'J 7 , where T = T m is the Fourier 
transform on R m . 

Suppose X = R m . It follows from gj Theorem 3.4.1] and (ITTT31 that 

A s g CisiB^^B^), (A 5 )" 1 = A~ s , i, s + i > 0. (11.14) 

We set A := — A Sl ~ s °, considered as a linear operator in B^g with domain B^. Then [4 Proposition 1.5.2 and 
Theorem 3.4.2] guarantee the existence of tp G (ir/2, ir) such that the sector S v := { z 6 C ; | arg z\ < <p } U {0} 
belongs to the resolvent set of A and ||(A — A) _1 || < c/|A| for A <G S v . Furthermore, by E] Proposition 1.5.4 
and Theorem 3.4.2] we find that A z £ C(B%°) and there exists 7 > such that ||A Z || < ce 7 |Imz| for Rez < 0. 
Now Seeley's theorem, more precisely: the proof in R. Seeley P4l . and ( II 1.14b imply [B^, B^]g = B^. This 
proves the second part of (iii) if X = R m . The case X = H™ is then covered by (4] Theorem 4.4.1]. 

(3) By H Theorems 3.3.2, 3.5.2, and 4.4.1] we get B^ ^ <—t BUG. Using this and the arguments of the 
proof of Theorem 4.4.3(i)] we infer from |] Theorem 3.6. 1] that || • ~ || • ||* OQ . By appealing to |50l 
Theorem 1.13.1] in the proof of |4] Theorem 3.6.1] we obtain similarly || ■ || Bs ~ || ■ H**^, making also use of 
(111.12) in the usual extension-restriction argument. Due to (111.13) this proves (i). □ 
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Corollary 11.2 

(i) B s x = BC s for s 6 R+\N. 

(ii) BUC k ^ B^ and BUC k ^ B^. 

Proof, (i) is implied by part (i) of the theorem. 

(ii) The first claim is a consequence of Theorem 3.5.2]. It follows from Example IV.4.3.1 in E. Stein l48l 
that the 'Zygmund space' B^ contains functions which are not uniformly Lipschitz continuous. This proves the 
second statement. □ 

By (111.121) we see that 

BC Sl ^BC s <\ 0<s < Sl . 

However, these embeddings are not dense. Since dense embeddings are of great importance in the theory of 
elliptic and parabolic differential equations we introduce the smaller subscale of 'little' Holder spaces which 
enjoy the desired property. 

Suppose s e K + . The little Holder space 

bc s = fec s (X, X) is the closure of BC°° in BC S . 

Similarly, the little Besov-Holder space scale [ &oo ; s > ] is defined by 

6^ is the closure of BC°° in B^. (11.15) 

These spaces possess intrinsic characterizations. 
Theorem 11.3 

(i) bc k = BUC k . 

(ii) 6^ = be s fors 6 R+\N. 

(iii) Suppose k < s < k + 1. Then u G B^ belongs to iff 

lim[d>]f_ fciOO =0, \a\ = k. (11.16) 

(iv) BC S A b s £ for < s < s. 

Proof. (1) Assertion (i) is a consequence of (11 1.5t . Statement (ii) follows from Corollarv ll 1.2H ). 

(2) Suppose k < s < k + 1. We denote by bf^ the linear subspace of of all u satisfying (111-1 6b . Then we 
infer from ( 111.9) that 

BC°° ^ BUC k+1 ^ b^. (11-17) 
Let u e and e > 0. Then ( 111.121 implies the existence of v e BUC k+2 with ||« - vW**^ < e/2. By ( 111.171 ) 
we can find S e > such that [d"v] s s '_ k < e/2 for |a| = k and < S < S e , Hence 

ld>}Lk,oo < [d"(u - v)] s _ k oo + [9>fc fei00 < ||«- wli;^ + e/2 < e 

for \a\ = k and 6 < S e . This proves bf^ C b^. 

(3) Suppose X = R m and u G 6^,. We claim that w v * u converges in towards u as r/ — > 0. Using ( 1 1 1 .41 ) 
and d"(w v * u) = w n * d"u we can assume < s < 1 and then have to show 

[w v * u — w] s ,oo — > as 7] — > 0. (11.18) 

Note 
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From this we infer 

K *«-<«,< 2 [<«,. <5>0. (11.19) 
Fix S e > such that [m]*^ < e/4. Then we get from d 1 1 -6b and dl 1 . 19b that there exists r\ e > such that 

[w v *u — u] s ,oo < e/2 + 467 s \\w v *u - u\\oo < e 

for T) < T] e , due to B^ ^ BUC and < fTL4l This proves (11 1 .18b - Thus b^ C b^. 

(4) If X = H m , then we get 6^ C 6^ from (3) and a standard extension and restriction argument based on 
the extension operator (4.1.7) of J4|. Together with the result of step (2) this proves claim (iii). The last assertion 
follows from (11 1 . 12b and <QX7}. □ 

It should be remarked that assertion (iii) is basically known (see, for example, Proposition 0.2.1 in A. Lu- 
nardi [32|, where the case m = 1 is considered). The proof is included here for further reference. 

Little Besov-Holder spaces can be characterized by interpolation as well. For this we recall that, given Banach 

spaces X\ Xq, the continuous interpolation space (Xq, Xif g of exponent 8 £ (0, 1) is the closure of X\ 
in (X , Xi)e,oo- This defines an interpolation functor of exponent 9 in the category of densely injected Banach 
couples, the continuous interpolation functor. It possesses the reiteration property (cf. [2. Section 1.2] for more 
details and, in particular, G. Dore and A.Favini lfT3l ). 

Theorem 11.4 

(i) Suppose k <s< ki with s <£ K Then (bc k ° ,bc kl )<{ s _ ko)/(ki _ ko)ao = 

(ii) // < So < fli and < 6 < 1, then K,^L = % = 

Proof. (1) The validity of (i) and the first part of (ii) follow from Theorem II l.lf ii) and (iii) and Theo- 
remHTJti). 

(2) We deduce from ( fTT2l , ([11421 . and Corollary [TO] that BC°° = f| s>0 B^. From this and ( fTTTT4b we 
infer A* € £aut(BC°°). Hence, using the definition of the little Besov-Holder spaces and once more dl 1.14b 
and Corollary II 1.21 we find 

A s e £is(6*+ s , O, (A^)- 1 = A~ s , t, t + s > 0. 

Thus the relevant arguments of part (2) of the proof of Theorem 111.11 apply literally to give the second part 
of (ii). This is due to the fact that the Fourier multiplier Theorem J4[ Theorem 3.4.2] holds for b^ also (see J3] 
Theorem 6.2]). □ 

Now we turn to anisotropic spaces. We set 

BC kr ^:=({ueC(XxJ,X); d%d j u e BC(X X J, X), \a\+jr<kr}, ||-|| fcr/r -), 

where 

IMUr/f := , max \\d"d J u\\oo- 

\a\+jr<kr 

This space is complete and contains 

BUC kr/r . = | u£ BC kr/f . qvq^ £ BUC (X x J, \a\ + jr < kf } 

as a closed linear subspace. 

Proposition 11.5 BUC kr / p = P|^ =0 BUCJ ( J > BUC^ k - j >). 
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Proof. (1) Due to u(x, t) — u(y, s) = u(x, t) — u(y, t) + u(y, t) — u(y, s) for (x, t), (y, s) € X x J, the 
claim is immediate for k = 0. 

(2) Suppose k 6 N x and u G BUC kr ' r . Suppose also < j < k — 1 and \a\ < (k — j)r. Then, by the mean 
value theorem, 

d%d j u(x, t + h)- d%d j u{x, t) - hd*d j+1 u{x, t) = h [ (d%d j+1 u(x, t + rh)- d*d J+1 u(x, i)) dr 

Jo 

for ieX and t,h E J. Thus, given e > 0, the uniform continuity of d"d^ +1 u implies the existence of S > 
such that 

\\h-\d«Vu{-,t + h) - d«Wu{-,t)) - d%& +1 u{-,t)\\^. x 
< max \\d*di +1 u(-,t + Th) - ^^ +1 u(-,t)|| 00 < e 

0<r<l 

for h G J\{0} with \h\ < 6. Hence the map (t ^ d%d j u(-,t)) : J -> B(X, A") is differentiable and its deriva- 
tive equals 1 1-> d%d j+1 u(-,t). From this and step (1) we infer u € BUC 3 (J, BUC ( - k ~^ r ) for < j < k. 
This implies BUC kr ' ? ^ f|jLo BUC j (J, BUC^~^ r ). The converse embedding is an obvious consequence 
of step (1). □ 

It is an immediate consequence of this lemma that 

BUC kr/r ^ B[/C .( J; B {7C'' cr ) n BUC k {J, BUC). 

It follows from Remark 1.13.4.2 in ll50l . for instance, that BUC kr / r is a proper subspace of the intersection space 
on the right hand side. 

We infer from (fTTTTb that BC^ k+1 ^/ f ^ BUC kr /' r ^ BC kr / f . Consequently, 

BC oo/r ._ ft kBC kr/r = ^BUC^ = BC°°(X X J, X) . (11.20) 

For s > we set 



ll W lls/f,oo : = SU P IK'> Olls.oo + SUP [u(x, •)] s/r x 

= ||u||oo + sup [«(-, i)] + sup [u(x, •)] . . 

t a: 1 

Suppose < s < r. Then 

ll U lls/r.oc : = SU P|K->*)lls,*oo+ SU P [ U ( X >-)] s / r0 c- 

If fcr < s < (k + l)r with fc G N x , then 



(11.21) 



\T/r,oo ■■= . , ma * ll^5%||^_ fer)Moo . (11.22) 



The anisotropic Besov-Holder space scale [ B s d r ; s > ] is defined by 

B s/f : 



f [BUC kr l\ £M? (fc+1)r/f? )( s -fcr)/r,oo, fcr < s < (* + l)r, 
j {BUC*'?, BUC^ k+2 >/% 2 ^, s = (k + l)r. 



The next theorem is the anisotropic analogue of Theorem lll.il 
Theorem 11.6 

W II ■ II Vr.oo flHt/ II ' ll*/r,oo are norms f° r B ™ '• 

(ii) Suppose k r < s < k x r. Then (BUCW, BUC k ^/ ? ) {s _ kor)/{kl _ ko)r ^ = B s Jj '. 
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(iii) If < so < si and < 9 < 1, then (B^ /P , B^% j00 = B^ /P = [B s £ /P , B S J%. 

(iv) d«di G £(S^ +|a|+J>)/F , B s ^)for a€N m and j G N. 

Proof. (1) We infer from H (3.3.12), (3.5.2), and Theorem4.4.1] that 

and that (ii) is true. 

(2) The first part of (iii) follows from (ii) by reiteration. 

(3) For(£,r) G R m x R we set A(f, r) := (1 + |£| 2r + r 2 ) 1 / 21 ". ThenA> := F-]_ 1 A s F m+1 for s G R. From 
H Theorem 3.4.1] and ( 111.23b we get 

A s G OsiBg+^r, B%% (I s )- 1 = A~ s , t, t + s > 0, 

provided X = M" 1 and J = R. Now we obtain the second part of (iii) by obvious modifications of the relevant 
sections of part (2) of the proof of Theorem II 1.11 

(4) Taking ||4j Section 4.4] into account, we get from Theorems 3.3.2 and 3.5.2 therein that B s Jj~ BUC. 
Suppose kr < s < (k + l)r. By |4| Theorem 3.6.1] 

where [i] is the largest integer less than or equal to t G R. Since u G -BC it follows 

IIAg+JulU = sup||AW +1 ti(.,t)|| 00) HA^+^IU =sup||A| i s/rl+1 u (x,.)||oo. 

Thus |H| fl j/*- ~ ||-|l«/r,oo- 

(5) Suppose X = R m and J = R. Then (iv) follows by straightforward modifications of the proof of JU 
Lemma 2.3.7] by invoking the Fourier multiplier Theorem 3.4.2 therein. Similarly as in the proof of [4, Theo- 
rem 2.3.8], we see that, given < s < r and k G N, 

IHl£ fer)/f X max W>y-\\ B ^ (11.24) 

\a\+jr<kr 00 

(cf. Corollary 2.3.4]). In the general case we now obtain the validity of (iv) and ( II 1.24b by extension and 
restriction, taking B s Jj c — > BUC into account. 

(6) Suppose < s < r. Then || • x ~ | -jlt/poo f°ll° ws from Theorem lll.U i). By combining this with 
( II 1.24b we see that the latter equivalence holds for every k E N. This proves the theorem. □ 

Corollary 11.7 

(i) B s Jf = B(J, B s x ) n B s J> r {J, B). 

(ii) Set 

I|-"!l7/r,oo : = SU P ll u (->i)llroo + SUP \\U{X, -)||*/ r , S > 0. 

t X 

Then II • II T/f.oo is a norm for B^. 

Proof, (i) is implied by Theorem ITLoTi ). B 3 ^ ^ £C/iC fe if k < s < k + 1, and Proposition [TT31 (ii) fol- 
lows from (i) and Theorem 1 1 1.1 f i). □ 
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We define anisotropic Holder spaces by BC' s ^ r := B s Jj for s e K + \rN. By means of the mean value 
theorem and using the norm || ■ ||~,- oo , for example, we find, similarly as in the isotropic case, that 

BC s/F -s- BC So/p , < s < s. 
In order to obtain scales of spaces enjoying dense embeddings we define anisotropic little Holder spaces by 

bc s/f is the closure of BC°° /if in BC s/f , s € R+. (11.25) 
Similarly, the anisotropic little Besov-Holder space 

b'Jf is the closure of BC 00 ^ in B s Jf , s > 0. 

These spaces possess intrinsic characterizations as well. To allow for a simple formulation we denote by [s] _ the 
largest integer strictly less than s. 

Theorem 11.8 

(i) bc kr l ? = BUC kr / ? . 

(ii) bc s / p = b s ^ F ifs e M+\N. 

(iii) u £ iff u 6 -B^ r ant/ 

Ti«Hi [9>M)] ^ (1L26) 

as J -> 0. 

(iv) BC S ' ? 4 6^ /? /or < s < s. 

Proof. As in previous proofs it suffices to consider the case X = M m and J = R. 

(1) We know from (QXlQ} that BC°° /F ^ BUC kr/p . Let { ; ?y > } be a mollifier on M m+1 . Ifwbelongs 
to BUC kr ' p , then it follows from (flOl and d^{w n *u) = w v * {d%d j u) that w^u^uin BC fer / F as 
^ — ^ 0. This proves assertion (i). Claim (ii) is trivial. 

(2) Let kr<i<s<i+l< (k + l)r with i 6 N. Suppose u S and e > 0. Then we can find i> belong- 
ing to e BUC {k+2 >' p B s Jf such that u||** Foo < e/2. By Proposition [TO] we know 

B[/c ,(fc+2)r/r ^ Bf 7C(j j BUC {k+2)r ) n BUC k+2 (J, BUC). 

Hence it follows from (11 1.9t that 

sup[d>(-,i)]*_ ii00 < cS\\v\\ {k+2)r/P ^, 0<S<1, \a\=i. 

Similarly, 

sup [d k v(x, -)] s/r _ k x < c5\\v\\ {k+2) r/f,oo, <6< 1. 
Thus we find <5 e > such that 

S u P max[a>(-,i)]!_ ii00 + sup[d k v(x r j\ S < e/2, < 6 < 6 S . 

Consequently, 

supmax[9"u(-,i)l 5 . < sup max [Q? fu — v)(-, t)] + supmax[9"w(-,t)l' 5 . <e 

t \a\=i l 'l8-%,oo- f\ a \ =i l 11 J )s-i,<x> t \a\=i l 1 s " i ' 00 ~ 

for < S < S s . This shows that the first term in (II 1.26b converges to zero. Analogously, we see that this is true 
for the second summand. 



44 



H. Amann: Anisotropic Function Spaces on Singular Manifolds 



(3) Suppose < s < 1 and u € satisfies ( II 1.261 ). By dl 1.31 ) it suffices to show that 

IK*^-<C/r,oo^° asry^O. (11.27) 
It follows from A^'j^w;^ * u) = w n * (A^j^u) that 

l|A[iJ)K*«)(a:,t)|| <sup||A|; 5l+1 u (.,t)|| 00 , (i,i)eXxJ. 

Consequently, 

supfw,, * u(-,t)] s oo < sup[u(-,t)] s oQ , < 6 < oo. 
Let e > and fix <5 e > with sup t [it (•,*)] Se < e/4. Then 

supfO, *u-u)(;t)] s e i0o < 2sup[u(-,i)]^ oo < e/2. 

Thus we infer from ( 11 1.6) that 

sup[(iy,, (•,*)] soo < e/2 + 4S~ S sup || (w^ * u -u){- ^t)^. 

Since it G BUC(X x J, <Y) it follows from (111.4b that 

sup IKw,, * it - u)(£)||oo = \\w v *u- u\\ B( xxj,x) -» as rj -> 0. 

i 

Hence 

sup[(u^*u-u)(-,i)] ai0o ->0 as?;^0. 

Similarly, 

sup [(^ *u -«)(>,•)] s/roo ^ as ?; -> 0. 

This proves (II 1.27b , thus, due to step (2), assertion (iii) for < s < 1. 

(4) To prove (iv) assume kr < i < s < i + 1 < (k + l)r and u 6 B^, r satisfies dl 1.261 ). Then it follows 
from d^d^(w v * u) = w v * (d^d^u) for \a\ + jr < s and step (3) that w v * u u in as 77 — > 0. Hence 

, which shows that claim (iii) is always true. 

(5) The proof of (iv) is obtained by employing (11 1.7| i, (11 1.9l l, and Corollarv ll 1.7|l i). □ 

Anisotropic little Holder spaces can be characterized by interpolation, similarly as their isotropic relatives. 
Theorem 11.9 

(i) b'J* = {bc^^M^'X/^y^.^fork^ < s < hr. 

(ii) // < s < ai andO < 6 < I, then (6^ /f? , b s ^y oo = bZ /? = [C /f? , bVi/%. 

(iii) 8°:d> G £(^ +|a|+jr)/? ,fef)/orae N m and j G N. 

Proof. (1) The first assertion as well as the first part of (ii) follow from part (i) of Theorem II 1.81 Part two 
of (ii) and the first claim are implied by part (iii) of Theorem II 1.61 

(2) The last part of statement (ii) is obtained by replacing BC°° and A* in step (2) of the proof of Theorem ll 1.41 
by BC°° /r and A , respectively. 

(3) TheoremOXSiv) implies d%&> G C{BC°°/ p ). Thus, using the definition of b s d r and once more the latter 
theorem, we obtain (iii). □ 
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In the next section we need to employ Holder spaces with a particular choice of X which we discuss now. For 
this we remind the reader of the notations and conventions introduced at the beginning of Section|7] 

Let { Fp ; f3 G B } be a countable family of Banach spaces. Then it is obvious that 

f:F x ^l[Fl u ^ fu := (pr^ o u) (11.28) 

P 

is a linear bijection. Since F carries the product topology u € F x is continuously differentiable iff 

up —pTpau g C^X,^), /3eB. 

Then dju = (djUp), that is, 

f°d% = d£of, aeN™ (11.29) 
Setting C k {X, F) := ]J p C fc (X, F j3 ) etc., it follows 

f e Cis(C k (X,F),C k (X,¥)). (11.30) 

Furthermore, 

/ g C(BC k (XJ 00 (F)),£ 00 (BC k (X 1 ¥))). (11.31) 
Suppose u G SC 1 (X, ^ (F)). Then, given x G X, 

sup (up(x + tej) — u,g(a;)) — 9jit,g(x)|| F = ||t _ + tej) — u(x)) — dju(x) L — > 

as < ->• 0, with i > if X = H m and j = 1. From this we see that / maps u € SC fc (X, 4o(-F)) into the linear 
subspace of (BC fe (X, F)) consisting of all t> = (i^) for which vp is fc-times continuously differentiable, 
uniformly with respect to ft G B. Thus dl 1.3U is not surjective if k > 1. 

We denote by 

4o,u„if(bc fc (X,F)) 

the linear subspace of (BC fc (X, F)) of all t> = (u^) such that <9 Q v^ is uniformly continuous on X for \a\ < k, 
uniformly with respect to /3 G B. 

Lemma 11.10 / is an isomorphism 

frvmbc k (X,e oo (F)) onto 4o,unif (&c fe (X,F)) (11.32) 

/™C(^^(F))»«^oo(Cftf))- s>0. (11.33) 

Proof. (1) Suppose u G bc k (X, £ ao (F)). Then, by the above, it is obvious that /u G ^oo,unif (bc fc (X,F)). 
Conversely, assume u = (up) G 4c,unif(&c fc (X,F)). Set u := /~V which is defined due to jl 1 30b . Then 

IN^OIU^F) = supH^^IIfs, x G X, 

and 

||u(a;) - u(y)|| foo(J r) = sup ||tt^(a;) - u^(y)||F flJ £,2/ G X, 
& 

show u G 6c(X,4o(F)). Hence we infer from 41L29) that #> £ 6c(X, ^(F)) for |a| < fc. 
(2) Let k > 1 and 1 < j < m. Then, by the mean value theorem, 

t _1 (u ( g(x + te 3 ) — ti^x)) — djUp(x) — / (djiip(x + stej) ~ djUp(x)) ds, 

Jo 
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where t > if j = 1 and X = H Tn . Hence 

||t -1 (ufj(x + tej) — up(x)) — djUp(x) < sup sup \\djUp{x + tej) — djiip(x)\ 



\t\<8xGX 

< sup \\dju(- + te^) - dju\\g/ B c(X^)) 
\t\<8 



for \t\ < <5, and (3 £ B. Thus 



\\t 1 (u(- + t ej ) - u) - dju\\ < sup \\dju(- +te 3 ) - 9jM| /oo ( B c(x,F)) 

1 ; " \t\<5 

for \t\ < S. This implies that u is differentiable in the topology of £>C(X, £ QO (F)y From this, step (1), and by 
induction we infer 

r 1 e £(i 00 , unif (6c fc (X,F)),&c fc (X^ 00 (F))). 

This proves flll.32| >. 

(3) Suppose < s < 1 and set i := [s]_. It is convenient to write h ^> iff h £ (0, oo) m . Given u belonging 

to B^ t0 (X 7 £ 00 (F)), we deduce from A^up — pr /3 (Aft,u) that 

r i* w r i I^M^k 

sup pr«(/w) F = sup[u^J Sj00; F 3 = sup sup sup — - 

p ' ■ * h>o x \n\ s 

\\K +1 u^)\\i^F } IIA^Hoo^CF) (11-34) 
= sup sup — = sup — 

h>o x \h\ s h>0 \h\ s 

= [ u ]s,ooii„o{F)- 

From dl 1 .3 lb and ( 11 1.34b we infer 

/ e £(BS (X^ 00 (F))^ 00 (fl^(X,F))). (11.35) 

Now it follows from i 11.29l l that (111.351 holds for any s > 0. 

It is obvious from (11 1-1 lb and (111 -29b that, given k < s < k + 1, 

^(^(X.F)) ^4o,unif(bc fe (X,F)). 

From this, ( 111.34b . and ( 111.32b we get that / is onto (B^ (X, F)) . Due to ( 111.30b this proves (111.33b . □ 

We denote for fc < s < k + 1 by 



4o,u„if(*C(X,F)) 

J 5 — k , oo ; 



the linear subspace of ^oo,unif (bc k (X, F)) of all u = (t^) such that lim^o max| Q | =fe [9"w^]f_ fc = 0, uni- 



formly with respect to /3 £ B. 

Lemma 11.11 / e £is(6 s 0O (X,^ 0O (F)),^ unif (6^(X,F))). 

Proof. The proof of (II 1.34b shows that, given k < s < k + 1, 

sup[pr^(/u)]* )0o .^ = Mf j00 .^ (F) , (5 > 0. 

Thus the claim follows by the arguments of step (2) of the proof of Lemma [1 1.1 01 and from Theorem ll 1.31 □ 
Now we extend / point-wise over J: 

f: F XxJ ^Y[Ff* J , u^~fu:=(t^fu(;t)). 



As above, B s Jf(K x J, F) := T]« S^ r "(X x J, .F» for s > 0. Analogous definitions apply to 6^(X x J, F). 
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Clearly, 

^oo,u„if(bc fe ^(X X J,F)) 

is the closed subspace of (BC kr/p (K x J, F)) of all it = (u^) for which d%d j u p G B[/C(X xj,f„) for 
M + J r < kr, uniformly with respect to j3 G B. 
Suppose fcr < s < (fc + l)r. We denote by 

^oo,unif(b^(Xx J,F)) 

the set of all u = (up) G £oo(B s Jf(X x J,F)) satisfying 
as S — s- 0. 

Now we can prove the following anisotropic analogue of Lemmas lll.10l and lll.lll 
Lemma 11.12 / is an isomorphism 

from bc kr ^(X x J,£oo(F)) onto 4,o,iinif (bc fcr/F (X x J,F)) 

ant/ 

/ram B^' F (X x J,4o(F)) onto e oo (B s Jf(X x J,F)) 

as we// as 

/ram 6^ (X x J,4o(F)) onto 4o,unif (i^f (X x J,F)). 

Proof. Note <9 J o / = / o <9/ Hence the first assertion follows from (11 1.32) . The remaining statements 
are verified by obvious modifications of the relevant parts of the proofs of Lemmas 11 1.101 and 111.111 taking 
Corollarv ll 1.7f ii) and Theorem II 1.8 l into account. □ 

12 Weighted Holder Spaces 

Having investigated Holder spaces on R m and H m in the preceding section we now return to the setting of singular 
manifolds. First we introduce isotropic weighted Holder spaces and study some of their properties. Afterwards 
we study to anisotropic Holder spaces of time-dependent M^-valued (a, r)-tensor fields on M. Making use of the 
results of SectionQT]we can gi ve coordinate-free invariant definitions of these spaces. 

By B°- x = B°' X (V) we mean the weighted Banach space of all sections u of V satisfying 

IM|oo:A = !M|o,oo;A := ||p A+r ~°' \u\h < OO, 

endowed with the norm || • W^.x, and B := B°'°. 
For k G N 

BC k,x = BC k '*(V) :={{u^C k {M,V)- || u || fci0O;A < oo }, \\-\\ k ^. x ), 

where 

lhlU,oo;A := max ||p A +^ +i IV^U^. 

The topologies of B°' X and BC k,x are independent of the particular choice of p G 1(M). Consequently, this is 
also true for all other spaces of this section as follows from their definition which involves the topology of BC k,x 
for k G N only. It is a consequence of Theorem l 12.1 I below that BC k ' X is a Banach space. 

We set 

BC°° X = BC°°> X {V) := n fe BC* fe ' A , 
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B^=B^(V):= , ' , ' (12.1) 



endowed with the obvious projective topology. Then 

bc k > x = bc k ' X {V) is the closure of BC°° X inBC k ' X , fceN. 
The weighted Besov-Holder space scale [ B^ x ; s > ] is defined by 

(bc k > x ,bc k+1 ' x ) s _ kt00 , k<s<k + l, 
(&c fc >\6c fe+2 < A ) lAoo , s = k + l. 

It is a scale of Banach spaces. 

The following fundamental retraction theorem allows to characterize Besov-Holder spaces locally. 

Theorem 12.1 Suppose k G N and s > 0. Then ip^ is a retraction from £ OQ (BC k ) onto BC k,x and from 
^(-Bj^j) onto B^ x , and ip^ is a coretraction. 

Proof. (1) The first claim is settled by Theorem 6.3 of 0. 

(2) Suppose k G N. It is obvious by the definition of bc k , step (1), (14. j} , and (17.3b that 

is a retraction from ^oo.unif {be ) onto &c fc ' A , and is a coretraction. (12-2) 

(3) If dM = 0, then we put M := M m , B := ft, and F K := E K := J5 for k G ii. Then, defining / by (111.281 1 
with this choice of i 7 ^ and X := M. m , Lemma fl l.lOl implies 

/ G £is(bc k (M,£ 00 (E)),£ 00 , unii (bc k )). (12.3) 

(4) Suppose dM ^ 0. Then we set Mq := Si\ftdM and ftt := &qm- With E K := E for k G .ft we put 
£ 4 := ILes, ^ and define /i b y setting B = SU and F K = E K . Then, letting X := M m and Xi := H m , we 
infer from Lemma fl 1.101 

fi G £is(fe C fc (X l ,^ 00 (£; 4 ))^oo,u„if(6c fe (X l ,E t ))), (12.4) 
with 6c fe (X 4 ,E,) := n„ eJli ^(Xi,^). 

For bc k = Yl K€Si bc k we use tne natura l identification bc k = 6c fc (X ,E ) © 6c fc (Xi,Ei). It induces a topo- 
logical direct sum decomposition 

4o,u„if(bc fe ) = £oo,u„if(6c fe (Xo,E )) ®£ ao , w ,u(bc!'(X 1 ,E 1 )), (12.5) 

where on the right side we use the maximum of the norms of the two summands. 
Denoting by U the disjoint union, we set M := K m U H m and 

bc k {M,£ OQ (E)) :=bc k (X ,£ 00 (Eo))®bc k (X 1 ,£ 00 (E 1 )). 

It follows from (112.41 and (112.51 that 

/ := /o ° pr + /i ° pr x 6 Cis{bc k {M,£ 00 (E)),£ 00tUai{ {bc k )). (12.6) 

(5) Returning to the general case, where dM may or may not be empty, we set 

$ A •= f^ 1 oip x >J7 A •= ib x of 

We deduce from (fbT2l (fl2"31) . and STIM that 

is a retraction from bc k (M, £oo{E)) onto &c fc ' A , and is a coretraction. (12-7) 

As a consequence of this, Theorem Ill.U ii). definition (112. It . and general properties of interpolation functors 
(cf. J2), Proposition 1.2.3.3) we find 

is a retraction from S^(M, £ oc (E)) onto B^ A , and is a coretraction. (12.8) 

Since 

v4 = ^o°r\ ¥& = /°*2o (12.9) 

we get the second assertion from (112.8) and Lemma fl 1.101 □ 
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Corollary 12.2 

(i) ui-^ \\\u\\\ koo . x := sup KKip p^\\(KKtp)*(ir K u)\\ kt00 ;E is a norm for BC k < x . 

(ii) Suppose s > 0. Then 

U ^ \\\ U \\\*s,oo:X SU P ll( KK ¥')*( 7r K W )!ls,oo;£; 

KtKtf 

and 

u ^ IINHs^A : = SU P Pi \\( Kt<l P)*(^^ u )\\Zoo;E 

KtXtfi 

are norms for B^ x . 

(iii) Assume k < s < k x with k ,h G N. Then {bc k °' X ,bc kuX ){a-k )/{k^-k ),oo = B s x x . 

(iv) 7/0 < s < 8l and < 9 < 1, then ; />'; A . />'; A K v = B s £ x = [B£>\B£> x ] e . 

Proof, (i) and (ii) are implied by (17.91 and Theorem lll.lt i). Assertions (iii) and (iv) follow from ( 112.71 and 
(112.8b and parts (ii) and (iii) of Theorem lll.il respectively, and (112.91 and Lemma \l 1.101 □ 

Weighted Holder spaces are defined by BC S ' X := B^. x for s € M + \N. This is in agreement with Theo- 
rem [TTTTJii). 

Parts (i) and (ii) of Corollary U2.2l show that the present definition of weighted Holder spaces is equivalent 
to the one used in 0. It should be noted that Corollary 1 12. 21 iii) gives a positive answer to the conjecture of 
Remark 8.2 of Q, provided BC k,x and BC +1 ' are replaced by bc k ' X and bc k+1,x , respectively. 

We define weighted little Holder spaces by 

bc s ' x is the closure of BC°°' X in BC S ' X , s > 0. 

Similarly, the weighted little Besov-Holder space scale [ ; s > ] is obtained by 

b s ^ x is the closure of BC°°' X in B s ^ x . (12.10) 

Theorem 12.3 tjj^ is a retraction from 4x>,unif (&£o) onto b s ^, and ip^ is a contraction. 

Proof. We infer from (QX20} that BC°°(M,£ 00 (E)) = f] k bc k (U, i^E)). Hence we get from dT2j]i that 
, I /A is a retraction from BC°° (M, l^E)) onto BC°°' X , and is a coretraction. Due to this and definitions 
(111.151 and (112.101) we deduce from (flTTl and ([12JD that 

is a retraction from 6^ (M, £oo(E)) onto 6^ A , and ^ is a coretraction. (12.11) 

Now the assertion follows from Lemma [l 1.1 H and (112.91 . □ 

Corollary 12.4 

(i) Suppose k a < s < fei w//z fc , fci € N. Wen (foc fc °' A , bc kl ' X )° {s _ ko)/{ki _ ka)oD = 6^ A . 

(ii) // < s < Sl andQ<6<\ then (b s £ x , b^ x ) g tOO = b^ X = [b s £ x , b^ X ]e- 
Proof. These predications are derived from (112.111 and Theorem ll 1.41 
Now we turn to weighted anisotropic spaces. We set 

BC o/^ =BC o/ W ) ._ ({ ueC (j,C(V)) ; \\u\U.bo,, < oo}, |HL ;fl o.x) 
and, for k e N x , 

BC kr/r.a ._ | ug C(J,C{V)) ; V l <9 J we BC o/r.(\+t +Jl i-0) ^ i + j r <kr}, 



□ 

(12.12) 
(12.13) 
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endowed with the norm 

u ||«HkrMoo;t3 := max ||V l 3 J u|| 00: A+j+ w . (12.14) 

i-\-jr<kr 

It is a consequence of Theorem |12.6| below that BC kr l r ^ is a Banach space. 

Similarly as in the isotropic case, anisotropic Holder spaces can be characterized by means of local coordi- 
nates. For this we prepare the following analogue of Lemma 17. 21 

Lemma 12.5 Suppose k £ N and s > 0. Then 

g c(BClBC k K ) n C(b4, bc k K ) n £</;;,..//;.,.; n 

and H^rerell < cforTi £ 5R(k) anc/ k € 



Proof. As in the proof of Lemma 17721 we see that the statement applies for the spaces BC k and bc k . Now 
we get the remaining assertions by interpolation, due to Theorems lll.lf ii) and ll 1.4f i). □ 

Theorem 12.6 ip^ is a retraction from £ OQ (BC kr ^ r ) onto BC kr / r '" ' ; an d i s a coretraction. 

Proof. (1) From (19.6b and Theorem 1 12. II we get 

Wf^o^Woo-BC^ = II < ^o,k'"IIoo;BC*'' < c \W\\co;BC"^, KKip £ £k$. 

Similarly, by invoking (19.5b as well, 

\\9 3 ^,M\ 00 . B ci k ' 3)r = W^^^^oo-BC^-^ - c \\ d3u \\oo:BC("-^^>-+^ 

for < j < k and KKip £ Rk$. From this and definition ( 112.14b we infer 

\\<P'Zo u \\t ao (BC>"-/ i ') < C|kl|fcr/f,oo;oi- 

(2) Given k £ A and k £ 9t(/c), 

° = (12-15) 

with 

It is obvious that the scalar-valued BC fc -spaces form continuous multiplication algebras. Hence (14.3b . (17.31 , and 
Lemma 112.51 imply 

IKkIIbc*- < c, ce£ (12.16) 

Thus we deduce from ( 112.15b . (112.16b . and Lemma [l2.5l that 

\\<P$o, K ° V4,««K||oo;BC7;r = ll</4,K ° V4,k u k|Ioo;BC^ < C ||«K||oo;BCf 

for k £ ^(k) and KKip, kk^ £ &x<S>. By this and the finite multiplicity of & we obtain 



oo;BC* r 



- C - H i a , X JI^, K ^,K^||oo;i3C^ < c ll«llf 00 (B(,/,BC fc '-)) 

for KK(^ G ^K$. 
Note 

for < j < k and KK<p £ Thus, as above, 

H^^O^'o ll)to v \\l oa {BCV>-i>) < c||& 3 u||^ oo( B(J,BC( fe -i)'-)): < j < fc. 

Now we deduce from Corollary |12.2ll ) 

HV^IUrMoo^ < c||u||^( BC W?)- 

Since ip 1 ^ is a right inverse for ip^ the theorem is proved. □ 
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Next we introduce a linear subspace of BC kr l r,u) by 

bc kr/f,a is the set Qf all u in BC kr/P,a with ^ u e unii (bc kr/iT ). 

Due to the fact that ^oo.unif (bc kr ^ r ) is a closed linear subspace of £ 00 (BC kr ^ r ) it follows from the continuity 
of that bc kr / ? ' a is a closed linear subspace of BC kr l ? - a . 

The next theorem shows, in particular, that bc kr / r ' u is independent of the particular choice of and the 
localization system used in the preceding definition. For this we set 

BC oo/r,a> ._ ^ k BC kr/p '*, 

equipped with the natural projective topology. 
Theorem 12.7 

(i) ?/>£o is a retraction from ^oo,unif {bc kr ^ r ) onto bc kr / r,u) , and ip 1 ^ is a coretraction. 

(ii) bc kr '^ a is the closure ofBG°°'^ a in BC kr '^ s . 

Proof. (1) Suppose = Oforsomeu G BC kr/p ' S . Then it follows from (|93T> that (kk^)Jtt k u) = Ofor 
KKip G ^k$. Hence tt k u = for k G K, and consequently n^u = for k G This implies u = ^ K tt^u = 0. 
Thus ip^ is injective. 

(2) We denote by y the image space of BC kr l r,u) under tff^. Theorem 1 1 2.61 and J4] Lemma 4.1.5] imply 

i 00 {BC kr " > ) = y® ker(VC), G Gap, BC kr ^ a ). (12.17) 

Thus, by step (1) (see Remarks 2.2.1 of JU), 

g n S (Bc kr ^,y), (vtr^r^y- 

Since X := y n ^oo.unif (bc kr ^ r ) is a closed linear subspace of y we thus get 

^ G £is(6c fc ^ a , x), {pt\bc kr/r ~n- 1 =1&\X. (12.18) 

Due to ( 112.17b we can write w G ^oo.unif (bc kr ^ r ) in the form to = u, + v with it G X and v G ker(^^). From 
this and dl2T8t it follows ^*(4c,unif (6c fcr/f? )) C 6c fer / F ' <3 . Hence G £(^oo,unif(&c fer/? ), bc kr / p > a ) and 
V'oo ° "^oo^ = u f° r w G bc kr / r ' u . This proves (i). 

(3) Using obvious adaptions of the notations of the proof of Theorem ll2.1l we deduce from Lemma fl 1.121 

/ G £is(6c fer / f? (M x J,€ 00 (£;))^ 00 , unif (6c fer/F )). (12.19) 

We set 

§ a := f- 1 o ijP m a -f of 
Then we infer from (i) and ( 112.19) that 

is a retraction from 6c fcr/r "*(M x J, 4o(£)) onto bc kr/p ' S , and $^ is a coretraction. (12.20) 

Definition ( II 1.251 ) guarantees 

BC°°(M x JJooiE)) A bc kr/f (M x JJ X ( E ))- 

It is an easy consequence of the mean value theorem that £ oc (JBC (fe+1)r/f ') ^ ^oo,u„if {bc kr/F ). From these 
embeddings, Theorem 1 12. 61 and (i) we infer that the first of the injections 
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is valid. Thus 

BC oo/f,uj = ^ k B C kr / p ^ = f] k bc kr/p ' a . 
Now it follows from ( 111.201 and ( 112.201 that 

is a retraction from BC°° (M x J, 4o(£)) onto BC co,p > a . 
Assertion (ii) is implied by (112.20b and [4 , Lemma 4.1.6]. □ 

We define the weighted anisotropic Besov-Holder space scale [ B s J~, r '" ; s > ] by 

f (&c fcr / ? ' S , &c( fc+1 > r ^ 3 ) (s _ fer )/ r fcr < s < (k + l)r, 
°° l ' J ' \(fe C ^,& C ( fc+2 ^) lAoo , ,s = (fc + l)r. 1 ' ^ 

These spaces allow for a retraction-coretraction theorem as well which provides representations via local coordi- 
nates. 

Theorem 12.8 tp^ ' s a retraction from £ 00 (B s J D r ) onto Bt/j"^ , and (p^ is a coretraction. 
Proof. We infer from (112.201 , Theorem ULrjl ii), and definition ( 112.211 that 

is a retraction from B^ F (M x J, 4o(-E)) onto B s Jf'", and $^ is a coretraction. (12.22) 
Thus the assertion follows from 

^ = /°t, V'S 3 = *l°r 1 , (12-23) 
and Lemma [l 1.121 □ 

Corollary 12.9 

(i) Suppose k a r<s< k x r with k , k x e N. Then (bc k ° r / p - a , 6c feir /^) (s _ fco)/(fcl _ fco) . 00 = S^' 3 

(ii) // < s < Sl and O<0<1, then (B% /F > a , B^' ? '% <00 = B%^ a = [B^° , B£ /f >%. 

Proof. This is implied by dl2.20t , (112.221 , and Theorem [TL6l □ 

Weighted anisotropic Holder spaces are defined by setting BC s l r ^ :— B s Jj ,U) for s e E\N. Then we 
introduce weighted anisotropic little Holder spaces by 

bc s/f,Z = bc^^iJ, V) is the closure of BC°° /P '* in BC s/p '* 

for s > 0. Note that this is consistent with Theorem ll2.7H i). 

Lastly, we get the weighted anisotropic little Besov-Holder space scale [ b s Jo T,u ; s > ] by 

b s Jj' a is the closure of BC°° /if - a in B s Jf' S . (12.24) 

Theorem 12.10 (i) ip 1 ^ is a retraction from ^oo,unif (b^ r ) onto b s J^ r,UJ , and ip^ is a coretraction. 

(ii) Suppose k$r < s < k\r with fcrji &i € N. Then 

V bc i° c J( s /r-fe )/(fci-feo),oo ~ bc 

(iii) If < So < Si and < 9 < 1, then 

{bc^'^M 31 '^*)!)^ = bc So/ ^ a = [bc Sa/ ^ a ,bc Sl/ ^%. 

Proof. Assertion (ii) and the first part of (iii) follow from Corollary |12.9t i) and definition (112.241 . From (ii), 
Theorem [TT9l i), and ( 112.201 it follows that 

^ is a retraction from bc s/F (M x J, l^E)) onto bc s/f > s , and $^ is a coretraction. (12.25) 

Due to this the second part of (iii) is now implied by Theorem ll 1.9f ii). Statement (i) is a consequence of ( 112.251 , 
(Q223, and Lemma[IT32 □ 
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13 Point- Wise Multipliers 

In connection with differential and pseudodifferential operators there occur naturally 'products' of tensor fields 
possessing different regularity of the factors, so called 'point-wise products' or 'multiplications' . Although there 
is no problem in establishing mapping properties of differential operators say, if the coefficients are smooth, this 
is a much more difficult task if one is interested in operators with little regularity of the coefficients. Since such 
low regularity coefficients are of great importance in practice we derive in this and the next section point-wise 
multiplier theorems which are (almost) optimal. 

Let Xj, j = 0, 1, 2, be Banach spaces. A multiplication Xq x X\ — >• X 2 from Xq x X\ into X2 is an element 
of C(Xq, Xi; X2), the Banach space of continuous bilinear maps from Xq x X\ into X 2 . 

Before considering multiplications in tensor bundles we first investigate point-wise products in Euclidean 
settings. Let E, = (E h | • |J, i = 0, 1, 2, be finite-dimensional Banach spaces, X G {R"\ H" 1 }, and Y := X x J. 

Theorem 13.1 Suppose b £ C(E , Ei\ E 2 ) and 

m : Eq x Ei -> E 2 , ( u o> u i) ^ b(u ,"i) 

is its point-wise extension. Then 

(i) m G C{B S / F {Y, Eq), £ s / ? (Y, Ei);B s ^(Y, E 2 )) if either s £ rN and B £ {BC, be}, or s > 
andB £ {B^, b^}. 

(ii) m G C(BC s / F (Y,E ),W p s/P (Y,E 1 );W p s/P (Y,E 2 )), s £ rN. 

(iii) m e C(B^ /P (Y,E )^; /P (Y,E 1 );^ /f! (Y,E 2 )), < s < s . 
In either case the map b t— > m is linear and continuous. 

Proof. (1) Assertion (i) for s £ rN and B £ {BC, be} as well as assertion (ii) follow from the product rule. 

(2) Suppose u t £ Ej, i = 0, 1, and < < 1. Then 

A c (m(u ,«i)) = m(A c uo,ui(-+0) + m(uo, A c ui), £ £ Y. (13.1) 
From this we infer, letting £ = (h, 0) with h £ (0, S) m , 

sup[m(u 0) «i)(-,i)]g iOO < c(sup[u (-,«)]g )OO IKIU + sup[ui(-, t)] * ^ |K||<x>) 

for < <5 < 00. Similarly, 

sup[m(u ,wi)(a;, ■)]# ^ < c(sup[w (x, •)] g ^ ||«i||oo + sup[m(x, ■)] \ ^ |K||oo)- 

By step (1), dl 1.21b . and d 11.221 ) we infer that (i) is true if s £ R+\N. Now we fill in the gaps seNby 
means of Theorems 11 1.6f iii) and |11.9f ii) and bilinear complex interpolation (cf. J. Bergh and J. Lofstrom ||8] 
Theorem 4.4.1]). This proves (i) for s > and B £ {-Boo, &oo}- 

(3) Assume s £ rN and s > s. By Theorem [TO] BS /r "(Y, £? ) ^ b s Jf(Y,E ) ^ BC^ r ~*(Y, £ ). Hence 
we deduce from (ii) 

m £ C(B^/ F (Y,E ),W p s / F (Y,E 1 );W p s ^(Y,E 2 )), s £ rN, s < s . 

Using this, Theorem l8.2ll v). and once more bilinear complex interpolation we obtain 

m G C(B s ^ p (Y,E ),H;/ F (Y,E 1 );H;/ f! (Y,E 2 )), < s < s . 

(4) We assume kr < s < (k + l)r with k £ N. It is well-known that 

B£(X,E ) x B s p (X,Ei) -> B S (X,E 2 ), (v , Vl ) ^ b(v ,vi) 
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is a multiplication (see Remark 4.2(b) inH. Amann JT|, where B^ is denoted by BUC S °, Th. Runst and W. Sickel 
l39l Theorem 4.7.1], or V.G. Maz'ya and T.O. Shaposhnikova 11331 . and H. Triebel ED), depending linearly and 
continuously on b. From this we infer 

||m(ltO,Ul)||p.B|(X,B a ) < clkolloojBSCX.Bo) \\ u l\\p;B}(X,Ei)- (13.2) 

By the product rule and (ii) 



\d e (m( 

3=0 

< c \\ u o\\k,oo;B(X,E ) ll u l|U,p;L p (X,_Ei) 
^ c ll u o||**/ r!00;B (x,_E ) ll«l||s/r,p;L p (X,.Ei) 



(13.3) 



for < I < k. 

We deduce from dl3.lt that, given 6 G (0, 1), 

[m(Mo,-"i)] ep . ijj(x fi2) < c([lt ]e,oo;B(X,_E ) ll"l||p:L p (X,£; 1 ) + ||wo||oo;B(X,_E ) [ w l]e,p;Z, p (X,Ei)) • 

Hence 

[m(a^o,5 fc -%i)] (s _ fcr)/rp . Lp(XB2) < c||a j U ||( s _fe r )/ r , o;B(X,Bo) ll 9fe " Ju lll(.-fcr)/r, P ;L p (X,£; 2 ) 

- c \\ u o\\** /r,oa;B(X,E ) " Ul " *s*/r,p;L p (X,E 2 ) ' 

where we used B s £ /r (j, B(X, E )) <-> B 8 ^ ( J, B(X, E )) in the last estimate. Thus 

[9 fe (m( Wo , Wl )] (s _ fcr)/rp . Lp(X B2) < c||u |i: o */r,oo;B(X,Bo) \\M?/r, K L,(X,E 1 y ( 13 - 4 ) 

By Corollary[Ta2] 

B s p / f (Y,E 2 ) = L p (J,B;(X,E 2 ))nB;/ r (J,L p (X,E 2 )). 
Thus we infer from dTOTt and (fTT2l - ([TT4t that 

m e £(S^ /f? (Y, Bo), < r >, SO; B' p ^(Y, E 2 )), s£ rN. 

Now we fill in the gaps at s G rN once more by bilinear complex interpolation, which is possible due to Theorems 
iv) and ll 1.6f iii). 

Since the last part of the statement is obvious from the above considerations, the theorem is proved. □ 



It should be remarked that J. Johnson |20| has undertaken a detailed study of point-wise multiplication in 
anisotropic Besov and Triebel-Lizorkin spaces on R". However, it does not seem to be possible to derive Theo- 
rem |13.1| from his results. 

Next we extend the preceding theorem to (x, independent bilinear operators. 

Theorem 13.2 Suppose b G C(E , E\\ E 2 ) Y and set 

m: E^xE Y ^E Y , (u ,iti) H- ((x,t) ^ b(x,t)(u (x,t),ui(x,t))). 

Then assertions (i)-(iii) of the preceding theorem are valid in this case also, provided b possesses the same 
regularity as uq. 

Proof. Consider the multiplic ation 

b : C{E ,E 1 ;E 2 )xE ^C{E 1 ,E 2 ), (b, e ) H- b(e , ■) 
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and let mo be its point-wise extension. By applying Theorem ll3.1t i) we obtain 

m G C(B s ^(Y,C(Eo,E 1 ;E 2 )),B s / p (Y,E );B s ^(Y,C(E 1 ,E 2 ))), (13.5) 

where either serN and B e {BC, be}, or s > and B e {£?oo, &oo}- 
Next we introduce the multiplication 

C(E 1 ,E 2 )xE 1 ^E 2 , {A,e 1 )^Ae 1 

and its point- wise extension mi. Then we infer from Theorem ll3.ll 

mi G C(B s ^(YX(E 1: E 2 )),B s / 1 \Y,E 1 y i B s / F (Y,E 2 )), (13.6) 
if either s e rN and B G {BC, be}, or s > and S G {B^, &oo}, 

mi e £(BC S / ? (Y, £(£ b £ 2 )) , W// f (¥, BO; ^ s / ? (¥, £ 2 )) , s G rN, (13.7) 

and 

mi G £(S^/ f? (Y,£( J B 1 , J E; 2 )),^/ r (Y ) S 1 );^/ f? (Y,£ 2 )) ! < s < s . (13.8) 

Note 

m(u ,ui) = mi(m (b,u ),ui), {u ,Ui) G -Bq x 
Thus the statement is a consequence of dl3.5l )-( fl3.8l ). □ 

In order to study point-wise multiplications on manifolds we prepare a technical lemma which is a relative of 
Lemma [l2.5l For this we set 

T~^u{t) := u((p K / Pli )H), t e J, := T~ KK o k,k G ft (13.9) 

Note 

0^,k = (P«/P«) M/ ^ K e^, K ,£Gft l<g<cx). (13.10) 

We also put 

~ P^ +m/9 e^(«K^).( XK -), ^ G ftK$. 

Then, using u = V~ 7r~w, 

E a^-Rs^S. ( 13 - n ) 

ree9t(«) 

where 

a«« := (p«/p«) A+(m+ ' j)/9 X^«(K*7r ;? ). (13.12) 
Hence, given ? G [1, oo], we deduce from ( 14. 3t , Lemma [l2.5l and ( |7.3K iii) that 

«s K €BC l (X fi ), ||a««||fc,oo < c(fc), ne ft fceN. (13.13) 

Lemma 13.3 Suppose k € N one/ s > 0. Lef <5 re € {W^ r , BC^ ,bc k J /r ', 7%e« 

i? SK G £(<5g, 0„), ||fi K «||<c, KG ««(«), kk^,kk^J?k$. (13.14) 
Proof. It is immediate from (|93), (J9T6}, (l4~3h and Lemma [T2~5l that 

and that the uniform estimates of dl3.14t are satisfied. Now the remaining statements follow by interpolation. □ 
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Assume Vj = (Vj, hj), j = 0, 1, 2, are metric vector bundles. By a bundle multiplication from Vq © V\ 
into V2, denoted by 

m:V ®V 1 ^V 2 , (v , vi) ^ m(v , Ui), 
we mean a smooth section m of Hom(Vb © V\, V2) such that m(w , V\) := m(«o © «i) and 

|m(« ,^i)U 2 < c|^oU |fiU 15 Vi€T(M, Vi), i = 0, 1. 

Examples 13.4 (a) The duality pairing 

(.,.) Vi : V? © Vi -> M x K, («»•-►<«*,«)* 

is a bundle multiplication. 

(b) Assume <Xj,Tj eN for i = 0, 1. Then the tensor product 

© : T T CT o ° M © T r 7 M -> T T ff o °+7 M, (a, 6) H- a © 6 

is a bundle multiplication where (X® CT ° © X*® r °) © (X^ 1 © X*® Tl ) := JS£T®( <7 °+ tTl ) © X*0°+ ri ), where we 
set X®° = X 1 © • • • © X a etc. 

(c) Suppose 1 < i < a and 1 < j < t. We denote by C*- : T^M -> T^Z^M the contraction with respect 
to positions i and j, defined by 



q((g)x fe ©(g)x;) := (x;,x i )(g)x fc ©(g)x;, x fe e r(M, tm), x\ &y{m,t*m). 

k=i e=i 
It follows from (a) and (b) that 



k=l 1=1 k=l 1=1 

fc#i £^j 



q : T^M © T%M -> T^+^M, (a, 6) ^ C}(a © 5) 

is a bundle multiplication, where 1 < i < a\ + 02 and 1 < j < n + T2. 

(d) Let W,- = (W,-, /i^ ), j = 0, 1, 2, be metric vector bundles and Uj, Tj 6 N. Suppose 

w : W © Wi -> W 2 , t : T T CT o ° M © M -> T r CT 2 2 M 

are bundle multiplications. Set T^ 3 (M, := (T?f M © W;, /ij) with hj := (•, © h Wj . Then 

t © w : r; o » (m, Wo ) © r T 7 (m, Wi) -> r; 2 2 (m , w 7 , ) , 

defined by t © w(ao © uq, a\ © ui) := t(ao, ai) © w(un, Wi), is a bundle multiplication. □ 
Let m be a bundle multiplication from Vq © V\ into V2. Then 

t(m,Vo®v x ) j ^t(m,v 2 ) j , («b(t),«i(t)) ^m(« (t),«i(*)), teJ, 

is the point-wise extension of m, denoted by m also. 

After these preparations we can prove the following point-wise multiplier theorem which is the basis of the 
more specific results of the next section. 

Theorem 13.5 Let Wj = (Wj,hw,, Dj), j = 0,1,2, be fully uniformly regular vector bundles over M. 
Assume Oj ,Tj GN satisfy 

2 - T 2 = <T0 + Cl - T - T\. (13.15) 

Set 

V, = (Vj,hj,Vj) := (T°> (M, Wj), ■)£ © h Wj , V(V 9 , Dj)) 

and suppose m : Vo © V\ V2 is a bundle multiplication, Ao, Ai £ R, X 2 '■= Xo + Ai, andujj := (Xj, fx). Then 

(i) m e C(B S ^'"° (J, Vo), B s / f ' ai ( J, Vi); B s / p '" 2 ( J, V 2 )), where either s€rN and B £ {BC, be}, or s > 
andB G {-Boo, &oo}- 
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(ii) m G C(BC s ^ a ° (J, V ),W P S/?A (J, V 1 ); W P s/P '* 2 (J, V 2 )), s G rK 

(iii) m G £(^ /r ~ A) (J,^),^H^^i);^ 2 (J,^)), < ,s < So . 
Proof. (1) Suppose 

J/ = Xe{r,r}, g = g m , p~i, W j = (MxF j ,(-,-) F .,d Wj ), 
where dw is the Fj -valued differential. Set 

Ej := {E%(Fj),(-\-) HS ), ^ = (Xx 25,-, (.,•),-, cfe,), 

where (■!•), := (-|0^- 

Introducing bases, we define isomorphisms Ej ~ K Wj . By means of them m is transported onto an element 
of C(K N " , K Nl ; K JV2 ) X which has the 'matrix representation' 



Assume m G BC°° (X, £(£ l , #i; £ 2 ))- Then the assertion follows from Theorem [Tl2l 

(2) Now we consider the general case. We choose uniformly regular atlases &k $j for Wj over & with model 
fiber Fj. Given KKtpj G &tx<f>j we define, recalling ( 15.3b , m K G 2?(X K , C(E , E\\ E 2 )) by 

m«(?7o,?7i) := (KK^2)*(xKrn((KK^o)*?7o, («^^i)*»7i)) 
for r]j G Ej . It follows from (I5.11l l and the fact that m is a bundle multiplication that 

\™ K (vo,vi)\2 < cp^p^p^ Mo hiii, m g Ef. 

Hence we infer from (113. 151 

m K e BC k (X K ,C(E ,E 1 ;E 2 )), \\m K \\ k>00 < c(k), KKcpj € &K$j, k G N. 

(3) In the following, it is understood that ipg 3 is defined by means of for 1 < q < oo. Then, given 

uj- g r(M,^) J ^ 

^H*^)) =p^PK 1+W3 0^«(«K^ 2 ) a< (7r K m( U o ! Wi)) = m K (^ K « ,^«i)- 
Consequently, we get from ( 113.1 lb 



; 2 K (m(« ,«i)) = ^ a KK m K (^ K u ,i? K «^>i)- (13-16) 

ree9?(re) 

(4) Suppose either s G N and B G {BC, be}, or s > and B G {Boo, froo}- Then we infer from ( 113.13) , 
Lemma [13.31 Theorem |13.2| and steps (1) and (3) that 

||a««m re (77o,77i)|| Bs /? ( Y reii52) < c\\vq\\b^-(y^e ) \\vi\\b-/-(y k ,e 1 )i 
uniformly with respect to KXcp, kk^ G Hence we get from ( 113.16b and the finite multiplicity of ^ 

\\v™{ m ( v o,vi))\\ eoo ( B s/,> iYtE2)) < cWMle^ps'/^Eo)) WuiWe^B'/^E^y (13.17) 
Thus Theorems 1 1 2 . 61 and 112.81 imply, due to ( 17.8b , 

\\ m (vo,Vl)\\B°/^2(jy 2 ) < c||uo||s«/*'.Oo(j,Vb) ll w llle=/--i(,/,V 1 ): 
provided either s G rN and $ = 73C, or s > and $ = Boo. 

If s G rN and £> = be, or s > and B = b x , then (113. 17b holds with replaced by €oo,unif everywhere. 
Thanks to Theorems 11 2. 7 IT ) and |12.10ll ) this proves assertion (i). The proofs for (ii) and (iii) are similar. □ 

It is clear that obvious analogues of the results of this section hold in the case of time-independent isotropic 
spaces. This generalizes and improves J3] Theorem 9.2]. 
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14 Contractions 

In practice, most pointwise multiplications in tensor bundles occur through contractions of tensor fields. For this 
reason we specialize in this section the general multiplier Theorem 1 13. 5 1 to this setting and study the problem of 
right invertibility of multiplier operators induced by contraction. 

Let V£ = (Vi,hi), i = l,2,be uniformly regular metric vector bundles of rank rii over M with model fiber Ei . 
Set Vb = (Vo,ho) := (Hom(Vi, V 2 ), ^12)- By Example 13. U f), Vb is a uniformly regular vector bundle of 
rank n\n 2 over M with model fiber C(E\ , E 2 ). The evaluation map 

cv : T(M, Vb ® Vi) -> T(M, V 2 ), (a, v) i-> av 

is defined by av(p) := a(p)v(p) forp G M. 

Lemma 14.1 The evaluation map is a bundle multiplication. 

Proof. We fix uniformly regular atlases & x <£>i, i = 1,2, for V£ over M.. Then, using the notation of Section[2] 
it follows from ( 12.15b 

(a a)~ - /i-L a~ ft 2 ,p 2 p 2 a-. 

Hence we infer from (13.5b 



K *(l a lL) = K *(M a * a )) = K*a"l K*h 2 ,u 2 v 2 n*a~\ ~ ^ l K *a^| 2 = tt([«;*a]*[/c*a]), 

uniformly with respect to k e £ Furthermore, (12.121 and (13. 5t imply 

K»(|au|, i2 ) = |((«Kpl2)*a)(KKPx)*«L k . 

I ( 14 -1) 

— \{{KKipi2)*a){KK(pr)*u\ B2 < \{KK<p 12 )*a\c(E 1 ,E 2 ) \{K^fl)*u\ El 

for u G T(M,Vi) and kk^ G .ftx <!>.;. Since £(Ei,E 2 ) is finite-dimensional the operator norm H/vgj £,) is 
equivalent to the trace norm. Hence, using £(E 1 ,E 2 ) — IK™ 2 *™ 1 and d2.12| ) and d3.5l l once more, we deduce 
from dl4.lt that K^(\au\h 2 ) < CK»(|a|h )/t»(|w|h 1 ) for k G R. Consequently, 

\au\ h2 < c\a\ ho \u\ hl , (a,u) G r(M,V ®Vi). 

This proves the lemma. □ 

Suppose a, oi , r, r 2 ; G N for i = 1, 2 with tr + r > 0. We define the center contraction of order cr + r, 

C = c[*j : T(M, T^+JM © T^ 1 M) ->■ T(M, T%+% M) , (14.2) 
as follows: Given (ife) G J CTfc , (jfc) G J Tfc for k = 1, 2, and cr G J CT , r G JJ r we set 

(*25 j) := (12,1, ■ ■ • ,*2,a 2 , ii, • ■ • , jV) e J CT2+r 
etc. Assume a G T(M, T° 2 +£M) is locally represented on J7 K by 

(J3i») 33.(12) 9^0) 

and b has a corresponding representation. Then the local representation of C(a, b) on C/ K is given by 

a fey) jWi) _iL 8 da ,( J2 ) g, ^Cji). 

A center contraction (114.2b is a complete contraction (on the right) if <7i = t\ = 0. If C is a complete contraction, 
then we usually simply write a ■ u for C(a, it). 
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Lemma 14.2 The center contraction associated with the evaluation map ev, 

C ® cv : T(M, T£+;(M, V ) © (M, 7)) r(M, (M, 7 2 )) , 

is a bundle multiplication. 

Proof. Note that C is a composition of a + r simple contractions of type C*. Hence the assertion follows 
from Lemma [l4.1l and Examples II 3. 4\ c) and (d). □ 

Henceforth, we write again C for C <£> ev, if no confusion seems likely. Furthermore, we use the same symbol 
for point- wise extensions to time-dependent tensor fields. In addition, we do not indicate notationally the tensor 
bundles on which C is operating. This will always be clear from the context. 

Throughout the rest of this section we presuppose 

• Wi = (Wi, hi, Di), i = 1, 2, 3, are fully uniformly regular vector bundles 
of rank over M with model fiber Fi . 

For i,j £ {1, 2, 3} we set 

Wij = .IK,) := (HomO^,^),(-|^ s ,V(A,^))- 

Example B.ir f) guarantees that Wij is a fully uniformly regular vector bundle over M. 
We also assume for i, j £ {1,2,3} 

• 0^,0^^ £ N; 

. Vi = (Vi,hi,Wi) := (T^(M,Wy, (•!■)£ ®fc«5,V(V fl ,A)); 

. Vij = (%,%,Vy) := (T°v (M, Wij), (• | ■)£**. <& hw iS , V(V 9 , -Dy)) ; 

• \ i ,\ i j£'fii, Qi = (\i,n), ujij = (Xij,p). 

Due to Lemma [14. 21 we can apply Theorem 113.51 and its corollary with m = C. For simplicity and for their 
importance in the theory of differential and pseudodifferential operators, we restrict ourselves in the following to 
complete contractions. It should be observed that condition ( 114.4b below is void if dM = and J = M. 

Theorem 14.3 



(i) Suppose 
and 



A 2 = Ai2 + Ai, (72 = 012 — Ti, T2=Tl2 — Clj (14.3) 

r -l + i/p ifdMjtQ, 

5 > J (14 4) 

|r(-l + l/p) if dM = $andJ = M+. v 



Let one of the following additional conditions be satisfied: 



(a) s =t£rN, q 

(/3) s = t£rN, q 

(7) s = t > 0, q 

(6) \s\ < t, q 



= 00, B= £ {BC,bc}; 

= p, B = BC, © = W; 
= 00, {-Boo.&coo}; 

= P, £=5oo, © = 5- 



AssMwe a € S*^ 12 ( J, V12). 77*en 

4:=(ii4fl-M)e (J, Vi), «f ' 3a (J, 7 a )), 

where BCoo := BC and bcoo :— be if (a) applies. The map a ^ A is linear and continuous. 
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(ii) Assume, in addition, 

A3 = A23 + A2, 0~3 = (723 — T~2, T3 = T23 — CF2 

and b G BVnOaa ( J; t/ 23 )_ SetB :={v^b- v). Then 

BA=(u^C [ °l](b,a)-u) G£«^W^),< r ^ 3 W^3)). 

Proof. (1) Suppose s > with s > if # = -B- Then, due to Lemma [l4.2l assertion (i) is immediate from 
Theorem ll3.5l 

(2) Choose uniformly regular atlases .fttx i = 1,2, for over Let 

a = a &fc 2 (*) ® &0 ' 12) ® ® . * e J ' ( 14 - 5 ) 

be the local representation of a in the local coordinate frame for V12 over J7 K associated with KK<y9 12 € Ak$i2, 
where (b\, . . . ,b z n .) is the local coordinate frame for Wi over U K associated with kk$„ and (f3j , . . . , (3™*) 
is its dual frame (cf. Example l2.1f b) and ( 15.5b ). Write (i^) = (ie;jk) S J CTfc4 and (j^) = {je;ik) G J Tfcf for 
ft, £ G {1, 2} with fc 7^ £, where G JJ CTfc and (j fe ) G J Tfc . 

We define a' G T(M, T£« (M, Hom(^, W^'))) J by 

^SSfeC*) a^ry ® ® ® & ° 2) ® ^ ® f e J < 

where a'^ i;l2 ^ 2 := <$" 3 >K 
It is obvious that 

a' G B*/*'- 3 " (J, r T CT - (M, Hom(^, JV X ))) , (14.6) 
the map a n- a' is linear and continuous, and (a')' = a. Furthermore, since V/ = T^(M, W{), 

(v, a ■ u)v 2 = i a ' • v > w )vn r(M,y 2 '® (14.7) 

(3) Suppose condition (<5) is satisfied and s < 0. It follows from ( 114.3b , step (1), and (114.6b 

C(a') := (« ^ a' ■ v) G £(3^'-* (J, V 2 '),5; /rV51 (J, V/)) . (14.8) 
From Theorem l8.3l n) and assumption (114.4b we infer 

s; s/M {j> vi) = t p , s/p >-*> (j, vi), i = i, 2. 

Thus we deduce from ( 18.5b , ( 114. 7b , and ( 114.8b that C(a') = C(a)'. Hence, using (a')' = a, we get the remaining 
part of assertion (i), provided s ^ if # = B. Now this gap is closed by interpolation. 

(4) It is clear that C(6)C(a) : T£ (M, Vi ) -4 T£ (M, V 3 ) is given by 

« ^ C(6,C(o,t;)) = C(c [ g\(b,a),v) = (y * C [ $(b,a)v)). (14.9) 

Set m = cN in Theorem [LTBI Also set V := W 23 , Vi := W i2 , and V 2 := W13 in Lemma [1431 Then it 
follows from that lemma and Theorem l 1 3 .5 I that 

Cf 21 (6, a) G B*M(A3-A^) ( r-s+r, (Mj ^ i3)) _ 
Thus claim (ii) is a consequence of ( 114.91 ) and assertion (i). □ 
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Next we study the invertibility of the linear map A. We introduce the following definition: Suppose t > and 

a G B t Jf' i2 " (J, Vu), ax = ru = ai + n . (14.10) 
Then a ia said to be Xu-uniformly contraction invertible if there exists a -1 G T(M, Vn) J satisfying 

a~ 1 -(a-u) = u, a • (a" 1 • u) = u, u€T(M,Vi) J , (14-11) 

and 

p- Al1 lo- 1 ^)!,,^ <c, teJ. (14.12) 

Note that the second part of (114.10b guarantees that the complete contractions in (114. lit are well-defined. Also 
note that there exists at most one a -1 satisfying ( 114.1 II ). the contraction inverse of a. For abbreviation, we put 

B^inv 1 ( J > V n) ■= { a G B 1 ^ 11 (J, Vn) ; a is An -uniformly contraction invertible }. 

Let X and y be Banach spaces and let U be open in X. Then / : U — > 3? is analytic if each xo G J7 has a 
neighborhood in which / can be represented by a convergent series of continuous monomials. If / is analytic, 
then / is smooth and it can be locally represented by its Taylor series. If K = C, and / is (Frechet) differentiable, 
then it is analytic. For this and further details we refer to E. Hille and R.S. Phillips fl9l . 

To simplify the presentation we restrict ourselves now to the most important cases in which B = Boo. We 
leave it to the reader to carry out the obvious modifications in the following considerations needed to cover the 
remaining instances as well. 

Proposition 14.4 Suppose an = Tn = a\ + t%. Then BFjj:^ 1 ( J, Vh) is open in B%£' W11 (J, Vu). If 
a G B^C\J, V n ), then G B^ X ^\j, V n ). The map ' 

B^C 1 (J, V n ) -+ B'M-^V, V U ), a h+ a- 1 

is analytic. 

Proof. (1) Without loss of generahty we let Fi = K" and set a := an. Note that E := C{K n ) m " xm ° is 
a Banach algebra with unit of dimension N 2 := (nmf) 2 . It is obvious that we can fix an algebra isomorphism 
from E onto K Nx N by which we identify E with K NxN . 

For b G K NxN we denote by $ the (N x iV)-matrix of cofactors of b. Thus $ = [&§•] with 

b\j := det[bi,...,bi-i,ej, b i+ i, . . . ,b N ], (14.13) 
where bi, . . . , 6jv are the columns of b and ej is the j-th standard basis vector of K N . Then, if b is invertible, 

b- 1 = (dct(fo)) _ V. (14.14) 
(2) Suppose either X := (Q m , g m ) or X := (Q m n H m , g m ), and Y = X x J. Set 

*</ p (F,£) :=B(J,BUX,E)) n B^ r (J, B(X, E)) , (14.15) 
where B t oa (X, E) is obtained from B^ (R m , E 1 ) by restriction, of course. Note 

X t ' p {Y,E)^B 00 {Y,E). (14.16) 

It follows from Theorem l 1 3 . 5 I that X t ^ r (Y, E) is a Banach algebra with respect to the point-wise extension of the 
(matrix) product of E. 

Assume b G X^ r (Y, E) and b(y) is invertible for y <EY such that 

|& _1 (y)U <co, (14.17) 
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Then the spectrum a(b(y)) of b(y) is bounded and has a positive distance from G C, uniformly with respect to 
y G Y. Hence 

l/c(co) < I det (b(y)) | < c(co), y G F, (14.18) 

due to the fact that dct (b(y)) can be represented as the product of the eigenvalues of b(y), counted with multi- 
plicities. 

Since det (b(y)) is a polynomial in the entries of b(y) and X l l r {Y) := X t ^ r (Y, K) is a multiplication algebra 
we infer 

det (6) G X t/? {Y). (14.19) 

Using the chain rule if t > 1 (cf. Lemma 1.4.2 of 0), we get ( dct(b)) _1 G X t l p (Y) from (114.181 and ( 114.191 . 
Now we deduce from (114.131 . (114.141 . and the fact that X t / r {Y) is a multiplication algebra, that 

b- 1 G -Y i//f? (Y, E), Wb-^U^E) < c(co), 

whenever 6 G £) satisfies (HaTTI . 

By ( 114.161 ) it is obvious that the set of all invertible elements of X t ^ r (Y,E) satisfying (114.171 for some 
c = co (6) > 1 is open in # t/r (Y; £). 

(3) Assume ^k$i is a uniformly regular atlas for W\ over Given kk^ g j^x^i, put 

:= ^e^^K^)^, := p^e^KKipn^a 

for v G r(M, V^i) J and a G T(M, Fn)' 7 , respectively, and F K := Q™ x J. 

Suppose a G B^^ 1 (J, Vii). Then we deduce from ( 114.111 (see Example ITU f)) and 

X7v = x7 (a- 1 ■ (a ■ v)) = (x^^OO^a)***; (14.20) 

for KKipi G .<?x$! and u G T(U K , Vx) J . Note that xt 1 is a bijection from T(U K , Vi) J onto (E^) Yk . Thus it 
follows from ( 114.201 that Xk Xll ' tJ '' ) a~ 1 is a left inverse for Xk 11q i n -BooO^s) E). Similarly, we see that it is also 
a right inverse. Hence b K := Xk 11(1 i s invertible in B ca (Y K , E) and 

b- 1 =xi' Xll ^a-\ (14.21) 
We infer from (ED(iv), (|57TT1 >. j3) , (IXTOl (Il410t . and ([14021 that 

|6^|b < ce^^(/j- A " la- 1 !^) < c, R^ie^i. (14.22) 
Recalling 63), (TTTOl . and ( 113.101 we find 

6 « = xf"( E 7r l a )= E ^C^)*K/.¥&>- (14-23) 

Since a G ( J, Vn) implies ^"a G i^B 1 ^) we deduce from ( fl4~23l , (THKiii), Lemmas [T231 and 

[T331 Theorem[l33] and definition ([14051 

\\b K \\xt/f ( Y K ,E) < c||a|| i/?jO0;i3ll , K^eMi. (14.24) 
Set a K := p~ Xll b K . Then it follows from (114.221 and ( 114.241 that 

p-^a- 1 G ** /? (r K ,i?), Wp-^a-Hx^^ < c, kk^ G i^. (14.25) 
Employing ( I7.31 (iii) and Theorem ll3.5l once more we derive from (114.251 

= x£- W W _1 ) - (k*^ 1 G 5^(^ 5J B) = 5^f K (14.26) 
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and tpL^'^a" 1 £ 4o(B^ f ). Hence TheoremdZHimplies 

=^t A " , " ) (^ All '' ,) o~ 1 ) e ^'(-^'^(J.Fu). (14.27) 

(4) Let X be a Banach algebra with unit e. Denote by Q the group of invertible elements of X. For 
bo E X and <5 > let X(bo,5) be the open ball in X of radius S, centered at bo. Suppose bo G Q. Then 

b = b - (b - b) = (e - (6 - 6)6 ( 7 1 )£> and 

||(6o - b)b^\\ <\\b - b\\ H&o 1 !! < 1/2, 6 G AT(6o, 1 1 6^ 1 1 1 /2 ) , 
imply that b G A 1 (&o, ll^o i s invertible and 

00 

fo- 1 = 6 - x (e - (60 - 6)6 - 1 )" 1 = b^ 1 J2((bo - &)&o T- (14-28) 

i=0 

In fact, this Neumann series has the convergent majorant Y^i Note that Pi(x) := (— l) z & ~ 1 (x& ~ 1 ) 1 is a 
continuous homogenous polynomial inx E X. Hence it follows from ( 114.28b 

oo 

& _1 = to), fee^o.ll^ll/s), 

and this series converges uniformly on X(bo, ||6 ~ 1 ||/2). Thus Q is open and the inversion map inv : Q — > A", 
6 i ^ is analytic. 

(5) We set X := B(J, B(M, V±i)) and define a multiplication by (a, 6) ^ cN(a, 6). Then A" is a Banach 
algebra with unit e := ((p,*) i-> id£ ( (y l)p )). 

Consider the continuous linear map 

Then G := f~ 1 (G) is open in Boo ?,l3ll (J,Fii). Consequently, 

fo:=mvo(f\G) : G^X, a^(p^a)- 1 

is continuous (in fact, analytic) by step (4). Note that a -1 = p All /o( a ) is the contraction inverse of a. Further- 
more, fo(a) € X implies 

P" A " = l/o(o)(*)|fcn <C, teJ. 

Hence each a e Gis An-uniformly contraction invertible. Conversely, if a <E B t J D r ' LJl1 (J, Vn) is An-uniformly 

contraction invertible, then a belongs to G. Thus G = -B^'ny 1 W ^-i) which shows that B^^ 1 (J, Vu) is 
open. 

(6) We denote by C/ K the group of invertible elements of B^ r jK . Suppose ao £ G. Then step (3) (see ( 114.241 ) 
and ( 114.251 )) guarantees that bo, K '■— Xk 11q, o S <? K and 

II^kII^W + ll & o^ll B w < c, k^j £ J?x$i. 

Hence we infer from step (4) that there exists S > such that the open ball B^ K (bo, K , S) belongs to Q K for eel 

and the inversion map inv K : Q K — > B^k is analytic on B% r !K (bo tK , 5), uniformly with respect to k £ J? in the 
sense that the series 

converges in B% r }K , uniformly with respect to b K € B% r }K (bo }K , S) and k G 
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Note that 

is open in t^BFj^). The above considerations show that 

inv : B^(b , 5) -> 4o(B^), & >"> (mv K (6 K )) (14.29) 
is analytic. It follows from ( 114.241 that the linear map 

is continuous. Hence Go := (x^ 11 ) _1 (B^ r (6o, 5)) H G is an open neighborhood of ao in G. It is a consequence 
of (114.29b and (I14.30l l that inv o x" 11 is an analytic map from G into (.^{B^). 
Consider the point-wise multiplication operator 

tt : looiBg) -+ ioo(B^), b i ^ ((/s,7r„)6„). 

It follows from (17.3b and Theorem ll3.5l that it is a well-defined continuous linear map. 
If a G G , then we know from (114.21b and (114.24b that 

inv° X 3ll (a) = Od^ 11 ^ 1 ) G )• 
Hence we see by ( 114.261 ) and ( 114.27b that a" 1 = tp^ Xl1 '^ oTtoinvo x" 11 ^ Thus 

(a h> a" 1 ) = Vk*"'^ ° w o inv o x" 11 : G -»■ B'Jf^^ 1 '^ (J, V u ) 
is analytic, being a composition of analytic maps. This proves the proposition. □ 

Henceforth, we set #00 := £>oo so that 3q is defined for 1 < q < 00. 
Theorem 14.5 Suppose 1 < q < 00 and 

t > anrf s satisfies ( 114.4b w/f/i |s| < tif q = p, and s — t if q = 00. 

Assume an = t\\ = o~i + t\ and A 2 = An + Ai. 7/"a G B 1 ^^ 1 ^, Vn), then 

A = C(a) G £is(^ Mt3l (J,Fi),^ Mt32 (^^)) (14-31) 

anof A -1 = C(a _1 ). The map a t— > A^ 1 is analytic. 

Proof. It follows from Theorem 114. 3f i) and Proposition 1 1 4.41 that ( 114. 31b applies and a H> C(a _1 ) is ana- 
lytic. Part (ii) of that theorem implies A^ 1 = C(a _1 ). □ 

Next we study the problem of the right invertibility of the operator A of Theorem ll4.3l This is of particular 
importance in connection with boundary value problems. First we need some preparation. 

We assume 

0"12 = £7 2 + Tl, T12 = T 2 + £71, £7 2 1 = T 12 , T 2 i = £7 i2 . (14.32) 

Then, given a G T(M, V12)" 1 , there exists a unique a* G T(M, V21Y , the complete contraction adjoint of a, such 
that 

h 2 (a-u,v) = hi(u,a* -v), (u, v) G T(M, V\ ® V2Y ■ (14.33) 
Indeed, recalling ( 114.5b set 
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Then it follows from (12. 15b and hu = {-\ •)^ ,t , © h Wkl that 

air « dxini) « ^ ® # ( i4 - 35 ) 

is the local representation of a* over C/ K with respect to the coordinate frame for V 2 i over f/ re associated with 
We set 

A21 := A12 + (J2i - T21, := (A| l5 /i) (14.36) 

and suppose a e B*^ 13 (J, V12). Then it is a consequence of (l33t . (|5jJ, d5T0t . ( 114.34 , and ( 114.35b that 

II^Kal^^E^i) ~ llv^\ 2 K a|| B ^ (YK ^12), G i?K$i, i = 1,2. 

From this, Theorem [T2?8l (|7TFb . and (114.341 we infer 

(o-> a*) e ^(^^"(J.ViaJ.B^ 31 ^^!)). (14-37) 

Assume a*(p,t) g £((V2) P , (Vi) p ) is injective for (p,i) 6 M x J. Then a(p,i) £ £((Vi) p , is sur- 

jective. This motivates the following definition: 



(14.38) 



a £ B^f'" 12 (J, V12) is A12- uniformly contraction surjective if 
p A 12 +(T 12 - CT12 )/2 | a * (t) . > | u | fe j C) u e r(M; f e j 

The reason for the specific choice of the exponent of p will become apparent below. We set 

B !Sj 2 ( J ' ^12) := { a G S^ 12 (J, V12) ; a is Ai2-uniformly contraction surjective } . 
For abbreviation, we put 

a© o* := C[^](o,o*), cr 22 := r 22 := cr 2 + r 2 , A 22 := 2A i2 + t 12 - a X2 . 
It follows from (114.37b and Theorem fTXBl that 

B t Jf' iSl2 (J, V 12 ) -> B^'^ 22 (J, V 22 ), a* (14.39) 

is a well-defined continuous quadratic map. Hence it is analytic. 
Lemma 14.6 a e B^ (J, V l2 ) iffa Q a*€ B^%" W W 
Proof. It follows from (114.33b that 

h 2 ((a®a*)-u,v) = h 2 (a ■ (a* ■ u),v) = h x (a* ■ u, a* ■ v), (u,v) e r(M,V2©^ 2 ) J . (14.40) 
Hence C(a a*) is symmetric and positive semi-definite. We see from (114.40b that (114.38b is equivalent to 

p X22 h 2 {{aQa*){t) -u,u) > \uf h Jc, u€T(M,V 2 ), t 6 J. 
By symmetry this inequality is equivalent to the A22 -uniform contraction invertibility of a a*. □ 
In the next proposition we give a local criterion for checking Ai2-uniform surjectivity. 

Proposition 14.7 Suppose a £ B^'" 12 (J, V12). Let &v.<& it i = 1,2, be uniformly regular atlases for Vi 
over & Set 



l<i/i <ni 



/or £ G ii^ 2 (^2*)^" an d t G J. 77zen a is \\ 2 -uniformly contraction surjective iff 
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Proof. Assume v £ T(M, V 2 ) J and put w := (h 2 )\,v £ T(M, V£) J ', where V 2 ' = Tg(M, W£). Then, lo- 
cally on U K , 

where 

due to h 2 = (• | Oct ® ^wv Tnus ^ follows from (114.34b that, locally on U K , 



U aUCt J U J(j 3 ) _ %2;h),"i %i)(Ji) "Wi a (J 2 ;?i),?i ^2)^2' 

Hence 

h 2 ((a ®a*)-v,v)= sgjg J ft*^ ((a a*) ■ «) j* 2 ^ 2 

= ((a0«-)-t,)^»g^ 



_ (»2y'i),i/2 (")(5^ h*" 1 " 1 a^-'-'*' 1 ? w ~ 2 ^ ~ 

(i2;ii),i'i (*2),«/2 Wi (52;«i),i/i pi),^' 

Thus we deduce from (fOJ, 63), Ot . (gj) (applied to 

^(/^((aOo*) •«,«)) ~p^ 2+2(Tl - CTl) a«(C,C) (14-41) 
for KXtpi £ i = 1,2, and u g T(M, V 2 ) J , where 

C := (KK^)*((M^) G K 2 (F 2 *)) Q ™ xJ . (14.42) 
Since (/i 2 )^ is an isometry and h* 2 is the bundle metric of V 2 * we get from ( 15.1 lb 

^(l«l) = «*(Ks)~^ (r2 " CT2) ICI^2 2(irj) , iseit, (14.43) 

with u and C being related by ( 114.42b . Now the assertion follows from (114.32b . ( 114.36b . (114.41b . and ( 114.43b . □ 

Suppose a £ B^'" 12 (J, Via) and a c e B^ ( " Al2lAl) ( J, V 21 ) are such that a ■ (a c • v) = v for u belonging to 
r(M , V2) J - Then a c is a n'g/zf contraction inverse of a. 

Proposition 14.8 Let conditions ( 114.321 ) be satisfied. Then B^^? (J, Vi 2 ) *.s open in B^' aia (J,Vi 2 ) and 
there exists an analytic map 

such that I c (a) is a right contraction inverse for a. 

Proof. It follows from ( 114.39b , Proposition [l4~4l and Lemma [TOl that S := B^^ 2 (J, Vi 2 ) is open in 
S^ 12 (J,Vi 2 ). Set 

where (a a*) -1 is the contraction inverse ofo0o*6 Bli^ 22 (J, V 22 ). Then ( 114.37b . ( 114.39b . and Theo- 
rem ll3.5l implv that J c is an analytic map from S into B l Jj'^ Xl2 '^ (J, V 2 \). Since 

a ■ (7 c (a) • v) = a ■ (a* ■ ((a a*)^ 1 • v)) = (a a*) ■ ((a a*)^ 1 • u) = v, v £ T(M, V 2 ), 

the assertion follows. □ 

After these preparations it is easy to prove the second main theorem of this section. For this it should be 
noted that definition ( 114.38b applies equally well if a £ B 1 ^'^ 12 ( J, V12) where either B = b^, or t £ rN and 
B £ {BC, be}. Hence B*J£f 13 (J, V 12 ) is defined in these cases also. 
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Theorem 14.9 Let assumptions (114.3b and ( 114.41 £>e satisfied and 1 < q < oo. 

(i) AiiMme |s| < t if q = p, and s = t > if q = oo. Then there exists an analytic map 

a c ■■ b^(j,v 12 ) -+ c(rf^(j,v 2 ),r q /r ^(J,vi)) 

such that A c (a) is a right inverse for A(a) = (v i— > a ■ v). 

(ii) There exists an analytic map 

A c : B s £f 12 (J, Via) C(B S ^ (J, V 2 ), B s ' ? ^ (J, V x )) 
such that A c (a) is a right inverse for A(a) if either s G rN and B £ {BC, be}, or s > and B = b^. 

Proof. The first assertion is an obvious consequence of Theorem 1 1 4 . 3 1 and Proposition 114.81 The second 
claim is obtained by modifying the above arguments in the apparent way. □ 

As in the preceding section, the above results possess obvious analogues applying in the isotropic case. 

15 Embeddings 

Now we complement the embedding theorems of Section|8]by establishing further inclusions between anisotropic 
weighted spaces. 

Theorem 15.1 Suppose Ao < Ai and put coi := (Aj, /i) for i = 0, 1. Then ^ r ' u ' ^Sp 7 "'^ 1 if p < 1, 

whereas p > 1 implies '$ s J r,u)1 '—t t $ s J r ' UJo for s 6 R. 

Similarly, B s M a o ^ g^M^ ^ < 1; a ndB s ' f > ai ^ B S I ?A for p> 1, if either s > and B £ {B^b^}, 
or s e rN and B G {BC, foe}. 

Proof. If p < 1, then it is obvious that 
for fc e N. Thus, by duality, 

W kr/rfi ^ fl^r/**! ( fc g _ N >< _ 

By interpolation ^p^'" ^ ^f/ 1 *'" 1 follows. The proof of the other embeddings is similar. □ 

The next theorem contains Sobolev-type embedding results. In the anisotropic case they involve the weight 
exponents as well as the regularity parameters. 

Theorem 15.2 

(i) Suppose so < s\ and po,pi <E (1, oo) satisfy 

si - (m + r)/p! = s - (m + r)/p . (15-1) 

Set coo := (A + (m + fx)(l/ Pl - l/p ), fi). Then A ^f'* . 

(ii) Assume t > and s > t + (m + r) /p. Set lj^ := (A + (m + fi) /p, fij. Then $p^ r ' w =— >• &^, r ' w °°. 
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Proof. (1) Note that si > so and ( 115.11 ) imply po > p\. Hence it follows from (115.1b and Theorems 3.3.2, 
3.7.5, and 4.4.1 of |4| that 



£pi (5p^ r ) ^ ^pi (■& 



! o/r\ 



Also note that we get ip£ i = ip 1 ?" from dl5.1| l. Thus we infer from Theorem 19. 3 I that 



<Ppi 



t 3 l 
VP1 



<-pi yop! 



^P()(~8po^ ) 



is commuting. From this we obtain assertion (i). 

(2) We infer from Lemma [9~2l and |4] Theorem 3.3.2] that 



ps/r _ ps/v ps/v pt/v _ pt/r 



and from J4] Theorem 3.7.1] that HjJ^ ^ B'p t00 ^. Consequently, 3>;k B^k- From this and the density of 
V(Y K , E) in it follows, due to V(Y K , E) ^ b^%, that tf p % ^ b%% Thus, by <ED, 



t/r\ 



(15.2) 



It is obvious that X>(Y, E) ^ £oo,unif (&^f)- By Theorem EDI we know that X>(Y, E) is dense in £ p ($p /P ). From 
this and (115.2b we deduce lp($p r ) '-t ^oo,unif {^Jj)- Observing ^ = -0^°°. we infer from Theorems 19. 3 1 and 
112. lOl that the diagram 

<Pp 



VP 



,t/r,a a 



is commuting. This proves (ii). 



P-pi'Bp ) 



£&o ,unif (^oo ) 



Remarkl5.3 Definethe anisotropic small Holder space Cq' u = Cg /r '"( J, V) to be the closure of T>{ J, V) 
in Bt/j'^ for s > 0. Then the above proof shows 3p Cq^' Uo ° jf the hypotheses of (ii) are satisfied. □ 



□ 



16 Differential Operators 

First we establish the mapping properties of V and d in anisotropic weighted Bessel potential and Besov spaces. 
They are, of course, of fundamental importance for the theory of differential equations. 

Theorem 16.1 Suppose either s > and © = $ p , or s > and © G {Boo, ^oo}- Then 

V G £(<5 s+1 ' A ,<3 s ' A (K+i)) n£(© (s+1)/ ^,© s/ ^(J,K+i)) 
andd G £((8( s +'-)M<3 ) (g*M(A+^)). 

Proof. We consider the time-dependent case. The proof in the stationary setting is similar. 
(1) From (15.15b and (15.16b we know that 

(«K¥>),V« = d x v + a K v, v G C(J, C* 1 (X K , £?)), 
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where a K <G C°° (Q™, £(£y, E° +1 )) satisfies ||a K || < c(k) for KKip e j?K<I>. Hence it follows from Theorem 
[ml and ©i s+1)/F ^ <5 S J P that 

A K := (v ^ a KX v) G C{^ +1 ^ T \ © s/F (Y K , E? +1 )) , ||A K || < c, kk^ g 

By Theorem 4.4.2] and Theorems ll 1.6| and |l 1.9| we get 

X G C(<3(* +1 V p , <d s / p (Y K: E° +1 )), d G £(<5<f+ r )/ ? , 0^). (16.1) 

(2) Set q := p if = 3p, and (71=00 otherwise. Then, given u G (g(. s+1 " r ' a ' ) 

¥f,«(V«) = p^ +m/9 e^( K K^),(7r K V U ) = («.*,«)((«*¥>)* V)(0*,«). 
Hence we get from ( 113.11b 

= 5^6s«(KK^).V(iij E ^ I stt), 

where 6e k = {h^tt K )a^ K and as K is defined by ( 113.1 2b - From this, (17.3b , (113.13b , Lemma [13.31 step (1), Theo- 
rem [133] and the finite multiplicity of & we infer 

ll<( Vu )llM© s/fJ (Y,£? +1 )) - cH^Hm©^ 1 '^) 
for u G (8( s + 1 )M a . Using Theorems[93J [LT8l and |12.10| we thus obtain 

IK(Vu)|| Me ^ (Y , £;+i) ) ^cHullec+D/w, « £ 6 (s+1)/r '" 

Thus the first assertion follows from Vu = ip^ (^(Vu)) by invoking these theorems once more. 

(3) Since (see ( EOl ) 

^+^(5u) = p{J^,«S« = »(^«), 
the second assertion is implied by the second part of ( 116. lb and the arguments of step (2). □ 

By combining this result with Theorem 1 1 4 . 3 1 and embedding theorems of the preceding section we can derive 
mapping properties of differential operators. To be more precise, for k G N x we consider operators of the form 

A= "<••• ' V '' 7 ' 

i-\-jr<~kr 

where a%j are suitably regular time-dependent vector-bundle-valued tensor field homomorphisms and a,j ■ V l d J 
equals (u i-> a.y • (V'c^it)), of course. Recall that = S^. 

Theorem 16.2 Let W = (W, hyy, D^) be a fully uniformly regular vector bundle over M. Suppose k, a, f 
belong to N and AeR. For < i < k set 

<Xj := a + t + i, Ti := r + a, ui := (A, /i). 

(i) Given ij'gN w;f/z i + jr < k, put 

Xij := A — A — j/i, := (A^/i). 

Lef condition (114.4b £>e satisfied. Suppose 's > \s\ if q ~ p, and s = |s| > if q = 00, and 

043 G S^T'^ (J, T£ (M , Hom(W; , i + jr < fc. (16.2) 

r/zen 

^ G £(^ s+fcj -)/^,^ 5 (J,l//(^))), 1< < 00. 
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If B s Jj ,u)%:> in (116.2b is replaced by tfjj^ 13 , then 

A G C(bt +krV ^^(J,V°{W))). 

(ii) Fix 

!= (m + r)/(kr — i — jr), i + jr > kr — (m + r) /p, 
>p, i+jr = kr-(m + r)/p, 

= p, i + jr < kr — (m + r)/p, 

and set 

\ij := A — A — jp - (m + p)/ptj, tiij := (Xij,p) 
for i + jr < kr. Suppose 

an G L Pi] (J, Lp* 3 . (T£ (M, Rom(W, W)))). 

Then 

A G C(W p kr '^,L p (j,Ll(V°{W)))). 

(iii) In either case the map (a^ i— > A) is linear and continuous. 
Proof. (1) Theorem ll6.1l implies 

V*# G C(& q s+kr)/ ^ a , gif-i+ik-m/^+jw) ( J; (16.3) 
and this is also true if 5oo is replaced by . Since 

assertion (i) follows from Theorem 1 14. 3 1 

(2) If i + jr > fcr — (m + r)/p, then we get from Theorem 1 15. 21 i) 

where l/q tJ := 1/p - l/pij. 

Suppose i + jr = kr — (m + r) /p. Then pij > p implies s := i + jr + (m + r) /pij < kr. Thus, invoking 
Theorem ll5.2t i) once more, 

If £ + jr < kr — (m + r) /p, then we deduce from Theorem ll5.2f i) 

Hjfr-i-irVW+i^^y*^ ^ Loo (j, (V° +i )) . 

Since = oo if Pij = pwe get in either case from (116.3b 

VWu G L toJ (J, /. A A (K+ 4 )) =: i w (J, « G ^ 

Note A + f — ct = Xij + Ti — <Ji + A — Xij + t + i — a implies, due to Lemma [14. 21 

p X+t - 9 \a l3 ■ V'd^u\- h < C p^+^ \ aij \ hij /-A^+r+i-a |V^ U | fei , 

where h := (•, ■)£ (X) ft^, /ijj := (•, (X) h W yy, and /i; := (•, -)^ + * (X) /i^. Hence, by Holder's inequality, 

\\a ir V % dHi\\ Lp(JL ^ (vnW))) < Hayll^.^Y-y) ||V 4 cPu|| igij(JjXij) , 

where 3^ := Lp*j (T°* (M, Hom(W, VK))). By combining this with ( [TO] ) and using W^ fer/f7 '" = 3p rA?,S we 
get assertion (ii). 

(3) The last claim is obvious. □ 

It is clear which changes have to be made to get analogous results for 'stationary' differential operators in the 
time-independent isotropic case. Details are left to the reader. 
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17 Extensions and Restrictions 

In many situations it is easier to consider anisotropic function spaces on the whole line rather than on the half-line. 
Therefore we investigate in this section the possibility of extending half-line spaces to spaces on all of R. 

We fix h G C°° ((0, oo), R) satisfying 

O POO 

t s \h(t)\dt < oo, seR, (-l) fe / t k h(t)dt = l, fceZ, (17.1) 

Jo 

and h(l/t) = —th(t) for t > 0. Lemma 4.1.1 of J4|, which is taken from 1181 . guarantees the existence of such 
a function. 

Let X be a locally convex space. Then the point-wise restriction, 

r + : C(R,X) -> C(R + ,X), u^u\R+, 
is a continuous linear map. For v G C(R + , A") we set 



(17.2) 



and 



ei;(t) := / h(s)v(-st)ds, t < 0, 
Jo 



w on R , 
eu on (—oo, 0). 



(17.3) 



(17.4) 



(17.5) 



It follows from < |17.1t that e + is a continuous linear map from C(R + ,X) into C(R, <Y), and r + e + = id. Thus 
point-wise restriction (117. 2t is a retraction, and e + is a coretraction. 

By replacing R + in (117. 2\ by — M + and using obvious modifications we get the point-wise restriction r~ 'to 
the negative half-line' and a corresponding extension operator e - . The trivial extension operator 

e£ : C (Q) (R + ,X) :={«£ C(R+,A?) ; u(0) = 0} -> C(R,Af) 

is defined by eju := v on R + and v := on (— oo, 0). Then 

r+ := r+(l - e~r~) : C(R,X) -> C (0 ){R + ,X) 

is a retraction, and is a coretraction. 
We define: 

8J /f;a ((0,oo),V) is the closure of 2? ((0, oo), 2?) in (R+ , F) . 

Thus 

5f~ s (R+,V) ^ 3^' a ((0, oo), V) ^ ^"(M + , V). 

Now we can prove an extension theorem 'from the half-cylinder M x R + to the full cylinder M x I 
Theorem 17.1 

(i) Suppose s6R where s > — 1 + 1/p if DM ^ 0. Then the diagram 



id 



,23) C- 



+ D) c 



iS'p' 



ki 



;'i commuting. 
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(ii) If s > 0, then 



V((0,oo),V) 



id 



2?((0,oo),27) 



35^ a ((0,oo),V) 



5; /r? ' 3 (R, v) 



id 



3^ a ((0,oo),V) 



is a commuting diagram as well. 
Proof. (1) Suppose 

M = (X,ff m ) withX g {I 



}, p = 1, VK = X x F, D = d} 



(17.6) 



If /c g N, then it is not difficult to see that r+ is a retraction from W p kr/P (X x K, £) onto W p kr/P (X x R+, £), 
and e + is a coretraction. (cf. steps (1) and (2) of the proof of Theorem 4.4.3 of J4)). Thus, if s > 0, the first 
assertion follows by interpolation. 

(2) Let ( 117.6b be satisfied. Suppose s > and J = R + . It is an easy consequence of 



that 

From this it is obvious that 



$f(J,V) = L p (J,T p (V))ndf(J,L p (V)) 
F p / V,v) = L p (j,%,(yj)nr p /r (lL p (v)). 

e+ E£{F p /r V,V),F p / f (Wl,V)). 



(17.7) 
(17.8) 



Note that L p (V) = L p (K, E) is a UMD space (e.g.; H Theorem III.4.5.2]). Hence Lemma 4.1.4], defini- 
tion (117.51 1. and the arguments of step (1) show 

r+ g £(r p /r (R,L p (V)),Fj r (J,L p (V))). 

From this, ( 117.7b , and ( 117.8b we deduce assertion (ii) in this setting. 

(3) Assume (QT6) and s < Owiths > -1 + 1/pifX = H m . Then5p*(V) = ?~, S (V) by Theorem 4.7.1(H) 
of 01. Hence 



F p , s/r \lV) = L p ,(J,$-,»(V>))n$;;< r {j,L p ,(V>)) = L p ,{J,r/{V'))^- slr {J,L p ,{V')) 



sir I f 



Ay f 



Thus, by 



r P /r V,v) = (d^ /r V,v'))'. 



The results of Section 4.2 of J4) imply r + , respectively e + , is the dual of e^, respectively j-q . From this and 
step (2) it follows (see J4] (4.2.3)] that assertion (i) holds in the present setting if s < 0, provided s > — 1 + 1/p 
if X = H m . 

(4) It follows from (O and (fTT^ - dUH i that 



for 1 < q < oo. Hence 
Thus 



r+ o 6£ K = 6£ K o r+, e+ o 6£ K = 6£ K o e H 



° = ©£k ° »•+ 4 o e£ K = e£ K o e +. 



(17.9) 



73 



and, similarly, 

This implies that <pP and tp^ commute with r + , e + , and e.g . Hence the statements follow from steps (l)-(3) 
and Theorem 19. 3 1 □ 



The next theorem concerns the extension of Besov-Holder spaces from half- to full cylinders. 
Theorem 17.2 Suppose either s € rN and B G {BC, be}, or s > and B G {-Boo, &oo}- Then r + is a re- 
traction from B S / ? > 3 (R, V) onto B s l F ' a (R + , V), and e + is a coretraction. 

Proof. (1) Let k G N and B G {BC, be}. It is obvious that 

r+ e £(B fer/f? ' s (R,F),B fer/f? '' 3 (R + ,y)). 
It follows from STTD that e G C(B kr ^{R+, V), B kr / f - s (-R+ , V)). Thus, by the second part of (fTTTTb and 

(TTT4t . 

e + g C(B kr/ ^(R + ,V),B kr/p ^(R, V)). 

From this we get the assertion in this case. 

(2) If s > and B G {-Boo b^,}, then, due to Corollary 112.91 we obtain the statement by interpolation from 
the results of step (1). □ 

Lastly, we consider little Besov-Holder spaces 'with vanishing initial values'. They are defined as follows: If 
k G N, then 

u G bc kr ^' a ((Q,oo),V) iff 

, ,~ (17-10) 
u G bc kr/r ^(R+, V) and d u(<S) = for < j < k. 

Furthermore, bt£ r,w ((0, oo), V) is defined by 

(bc kr ^ s ((0, oo), V), 6c( fc+1 )^((0, oo), V))° {s _ kr)/roo , kr< S <(k + l)r, 

D 

1/2, oo' 



(^/^((O, oo), 7), 6 C ( fc+2 >^((0, oo), ^)); « = (k + l)r, (17 ' U) 



where fc G N. 

Theorem 17.3 Lef fc G N and s > 0. 77zen r+ is a retraction from bc kr / p < s (R, V) onto bc kr / F < a ((0, oo), V) 
and from &o^ r ' w (K, V) onto b^ r '"((0, oo), V), a«c/ is a coretraction. 

Proof. It is easily seen by ( 117.5b and the preceding theorem that the assertion is true for bc kr / r ^ spaces. The 
stated results in the remaining cases now follow by interpolation. □ 



18 Trace Theorems 

Suppose r is a union of connected components of dM. We denote by I: Y M the natural injection and 
endow V with the induced Riemannian metric g := t*g. Let (p, 8.) be a singularity datum for M. For k G &r we 
putU- := dU K = U K HTandK := l a ( l*k): U. -> E m_1 , where l : {0} x R m_1 -> R m "\ (0,0 i— > x' . 
Then .£:={«; k £ % } is a normalized atlas for Y, the one induced by M.. We set p := '* p = p \ Y. It follows 
that (p,&) is a singularity datum for Y, so that Y is singular of type J/5]. Henceforth, it is understood that Y is 
given this singularity structure induced by T(M). 

We denote by W = Wr the restriction of W to Y and by ft, • := '*hw the bundle metric on Y induced by hw ■ 
Furthermore, the connection for W, induced by D, is defined by restricting 

D : TM x C°°(M, W) -> C°°(M, W) to TY x C°°{Y, W), 
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• • • 

considered as a map into C°°(T, W). Then W = (W, h^, D<>) is a fully uniformly regular vector bundle 
over r. 

• • • 

We set V := T°(Y, W) and endow it with the bundle metric h := (■ | -)t<t ® ^w' wnere (' I ')tt * s ^ e 

bundle metric on T°Y induced by g. Then we equip V with the metric connection V := V(Vj, -D • ). Hence 

V = (V, /i, V). It follows that 5p (J, V) is a well-defined anisotropic weighted space with respect to the 
boundary weight function p. 

We write n = n(T) for the inward pointing unit normal on T. In local coordinates, k = (x 1 , . . . , x rn ), 

n=(^\dU K y 1 JL. (18.1) 

Let u e V = V(M, V) and k e N. The frace of order k of u on T, d^u = c£ (r) u e V(T, V), is defined by 

(a*u,o>£. :=(V fc u|r,ag>n®%., oGX>(T,^*). (18.2) 

We also set 7r := <9° and call it Trace operator on T. We write again <9^ = £O r s for the point-wise extension 
of 9^ r j over J, that is, (d^u)(t) := (9^(it(i)) for i 6 J and u G T>(J,T>), and call it lateral trace operator 
of order k on T x J. Correspondingly, the lateral trace operator on V x J is the point-wise extension of 7r, 
denoted by 7r as well. Moreover, 

fl* i0 : 2>((0,oo),X>) ->2?((0,oo),2?(r,^)), u h> fl*u 

is the restriction of 3^ to £>((0, oo), V\. 

Assume J = R + . Then Mo := M x {0} is the initial boundary of the space-time (half-)cylinder M x R + . 
The initial trace operator is the linear map 

7m : X>(K + ,Z>)->Z>, uh>u(0), 
where Mo is identified with M. Furthermore, 

dto ■= 7M ° 5 fc : 2?(R+, P) ->■ V, (d k u)(0) 

is the initial trace operator of order k. 

Suppose so > 1/p. The following theorem shows, in particular, that there exists a unique 

( 7 rk € £(g5o/f 1 aJ >B (- -i/ P )M(A+i/p,, 1 ) (i7> ^ 

extending 7r and being a retraction. Furthermore, there exists a coretraction (7^ ) So such that, for each s £ R, 
there is 

( 7r % e c(Bl s ~ 1 M^ x+1 / p ^\j,v),r p /? ' a ) 

such that 

(i) (rt) s \V(J,V(T,V)) = (rt) 80 \V(J,V(T,V)), 

(ii) (7r)s is f° r eacn s > 1/pa coretraction for (tt)s- 

Thus (tt)s i s f° r eacn so > 1/p uniquely determined by 7r and (7^ ) s can be obtained for any s <G R by unique 
continuous extension or restriction of (7p)s f° r anv s o > 1/.P- Hence we simply write 7r and 7p for (jr)s 
and (7p) s , respectively, without fearing confusion. So we can say 7^ is a universal coretraction for the retraction 

herewith expressing properties (118. 3t . Similar conventions hold for higher order trace operators and traces oc- 
curring below. 
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Theorem 18.1 Suppose k e N. 

(i) Assume T ^ and s > k + 1 /p. Then 9* is a retraction 

from dp /f ' M (J, V) onto B if-k-i/ P )/P.(\+k+i/ P ^) ^ 

It possesses a universal coretraction (7^) c satisfying d l n o (j„) c = Qfor < i < fc — 1. 

(ii) Suppose s > r{k + 1/p). 77ien 9 t *L is a retraction 

fmm^ s J i! '^{R + ,V) onto B> p - r{k+1 /ri- x+ ^ k+1 / p \V). 

There exists a universal coretraction (7 t fc =0 ) c such that dl =Q o (7 t fc =0 ) c = 0/or < «' < k — 1. 

(iii) Lef T ^ one/ s > k + 1/p. Then is a retraction 

from r p /? ' M ((0, oo), V) onto B i^^i/p)/f^x+k+i/ P ^) ^ ^ ^ _ (lg 4) 

77ze restriction of (7„) c fo //ze space on the right side of ( 118.4t is a universal coretraction. 

Proof. (1) Suppose X e {R m ,HF™}, M = (X,.g m ), p = 1, W = X x F, and D = d F so that V" = Xx E. 
Put Y := X x J. Assume either r ^ or J = R+. If J = R, then M x J = Y = H m+1 . If J = K+ and r = 0, 
then MxJ = M ra xl+ - H m+1 . Finally, if J = R+ and T ^ 0, then 

M x J = H m x R+ ~ R+ x R+ x E m_1 , 

that is, M x J is a closed 2-corner in the sense of Section 4.3 of J4]. In each case ~ is simply a permutation 
diffeomorphism. 

If either J = R or T = 0, then assertions (i) and (ii) follow from Theorem 4.6.3 of EJ. If J = R + and 
r 7^ 0, then assertion (i) follows from Theorem 4.6.3 and the definition of the trace operator for a face of 
M+ x K+ x R m_1 , that is, formula (4.10.12) of gj. Claim (iii) is a consequence of Theorem 4.10.3 of 
(choose any k therein with k > s + 1). 

(2) Now we consider the general case. Suppose T ^ 0. For t > 1/p we set 



Mt-i/p)/? . = 

P,K 



Bg-W^dY^E) if K e£ r , 
{0} otherwise. 



Let 7 K be the trace operator on dY K = {0} x R m 1 x J if n e Rr, and j K := otherwise. Set 

7fc, K == P k „W 1^*911)) Sk°^, re Gil 

It follows from step (1), (118.1b , and ( 118.2b that j K o d\ is a retraction from 3^ onto Bp iK 1 ^ p ^ r and that there 
exists a universal coretraction 7J: K satisfying 

(7k od{) o^, K = 0, 0<i<fc-l, (18.5) 
(setting 7^ K := if « G i?\Jir)- We put 



Then 03) and gj) imply 
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and 

||7fc,«ll + hkj < c, K€& 
From ( 118.51 and Leibniz' rule we thus infer 

7i,K Ik k ; = ^ id > <i < k. 



(18.6) 



(3) We set (tt*, x^j '■= Xk) I U» for k££ Then it is verified that { (7t,j,Xk) i k G .ft ) is a localization 
system subordinate to R. We denote by 

: £p( J B( s - fe - 1 / p )/ f? ) -> B^- fe - 1 / p )/ f ' s (J,y) 

the 'boundary retraction' defined analogously to Correspondingly, tp^ is the 'boundary coretraction' . 
We write Kt<ip for the restriction of ntKip G i£ix $ to T and put 

Cfc, K := /5 ,•(«*<£)* ° 5 « ° ( KK y)* 1 fctxtp G ^ r ix$, 
and Cfe. K := otherwise. Note /5,« = ,o K for k G &r- It follows from ( 15.15b , ( 118.1b . and ( 118.2b that 

fe-i 



Cfc, K u = 7fc, K w + ^ ai, K ji iK v, v G 2?(J, T>(dX K , E)) , 



(18.7) 



and ( 15. 16b implies ||a^,fe||fe-i,oo <cforO<^<fc— 1 and k£A Hence, using gp^ fc+£ ^ r and Theo- 

rem [133] we find 

(18.8) 



G KK G C{T p [l Bfc k - 1 W), \\C k , K \\ <c, ke SL 



(4) For u G V(J, V) 



k-l 



*zd k n u = d h n (n K u) - J2 ( ■ ) (dt^n)di(Xnu), K G ft, 



(18.9) 



3=0 



setting d£u := if supp(u) n T = 0. Note 



'e^.^K^),^^)) 



since . = Gp 1 K for k G ftr- Similarly, using ( 113.1 It and (113. 12b also, 

^ +fc+1/p+(ro - 1)/p e;.(,?x^,((^-% re )^(x^)) 

From this, (fTOt , and ( 118.10b we get 



(18.10) 



(18.11) 



where 



fc-i 



fc-i 



■^■fc— i,kk : ~ ^ ] bi )KK Cj tK o -R KK , &t. KK :— ^ •)( . j Cfc-j.K( K * 7r n)Cj-jaK/. 
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It is obvious that 

C i<K e£(BCZ +e ,BC n (dX K ,E)), \\C LK \\<c{n), kG^ < t < k, n G N. 
From this, (17.3b . dl3.13l l, and Theorem |13.5| we obtain 

6i, K(c G BC°°(dX K ,E), ||&i,««||„,oo G c, kg J?, 0<i<fc, neE 

Hence, using Theorem 1 1 3 . 5 1 once more, we get from (118.8) and Lemma [l3.3| 

Ak^ECirJ-,^;-^ 1 ^/?), \\A k _ hKK \\ < c, kG^(k), (18.12) 
(5) We define C fe by 

CfcU := ( C k . K v K + V A k _i t -fi K v~) , v = (v K ). 

k£'J1(k) 

Then we deduce from ( 118.81 1, ( 118.12b . and the finite multiplicity of ^ 

C k G £(£ p (^)^p(B^^ 1/p)/ 0)- (18-13) 

Employing ( 118.6b and ( 118.7b we infer C k , K ° 7fe re = id- Furthermore, recalling (113.9) and using p K = p K for 

k G J?r, 

Ci,« o i?^ = p^KK^)* od l n o (KKip)* o T Sk o (KKip)*(KK(p)*(x-) 



By this, dT8T6l >. and ( fTiT/T l it follows C^ K o R^ K o 7 = _ = for < % < k - 1. Thus, setting := (7^ re f«), 

7 | G £(£ p (B< s - fc - 1 /rt/0, £ P (^ /f? )) , C, o 7 £ = foid, < i < k. (18.14) 
From ( 118.1 lb , ( |18.13b , and the first claim of Theorem |9.3| we get 

9n = 4' { p x+k+1/p ^ o C k o tf$ e C(r p /p - a ,Bl s - k - 1 / p ^^ x+k+1 / p ^(J,V)). 

(6) GivenveB { p s - k - 1/p)/ \ 



j-1 . 

' 1 



Thus we infer from (filTol , (IT8771 , and (fIQ4t 

d^pYkW) = S ik ^ p x+i+1 ^w, w G B^-Vp)/^ o < i < fc. 
Now ( 118.14b and the first part of Theorem 19 . 3 l imply 

[lif ■= <of k « 0(*+ fe +VP.M) e £ ( fl («-fc-l/p)/i* 1 (A+fc+X/p 1 |.)(j j 7),^M") 
and <9^(7^) c = <5ifcid for < i < k. This proves assertion (i). 
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(7) By invoking in the preceding argumentation the second statement of Theorem l9 . 3 1 we see that assertion (iii) 
is true. 

(8) We denote by d^ =0 K the initial trace operator of order k for Y K = X K x M. + . It follows from step (1) that 

Co : W) -+ £ P (B s - r(k+lM ), v i y (Co,«««) 
is a retraction and there exists a universal coretraction 

(d k t=0 y : ^- r(fe+1/p) ) UK ,r \ w » ((Co,J c ^) 

such that 

di =Q o (dt ) c = S 3 kid, 0<j<k. (18.15) 

(9) We deduce from d9.5t and step ( 1 ) 

SH/i^^' 1 ^, (18-16) 

Hence 

u t=0 ° fp — fp ° u t=o- 

From this and Theorems 17 . 1 1 and |9 . 3 1 we infer 

dto = ^+^ fe+1 / p ) o ato ° G /:(^ M<:! (K + ,y),^- r(fe+1/p) ' A+ ' i(fc+1/p) (^))- 

(10) Set 

Then, similarly as above, 

( 7t t ) c g £(s;- r ( fc+1 / p ^ A+ ^( fc+1 / p )(y),^/ F '' :! (]R + ,y)). 

For < j < fc we get from dO and (118.15b 

Co(7to) c ™ = Co (E ° (Co, K ) c ° ^, + / (fe+1/p) w) 

K 

= E^°' +1/p) ° Co., ° WU.) ° ^ + / (fe+1/p) ™ 

= ^ p A+ ^' +1/p) o ^ (fc+1/p) u; = 5 jk w 
for ioeD. Since 2? is dense in ^-r(fc+i/p),A+p(fc+i/p)^ assertion (ii) follows. □ 

Suppose M is a compact m-dimensional submanifold of W" . In this setting and if s = r € 2N X assertions 
(i) and (ii) reduce to the trace theorems for anisotropic Sobolev spaces due to P. Grisvard 11141 : also see O.A. 
Ladyzhenskaya, V.A. Solonnikov, and N.N. Ural'ceva J30) and R. Denk, M. Hieber, and J. Priiss (TTJ. (In 
the latter paper the authors consider vector-valued spaces.) The much simpler Hilbertian case p = 2 has been 
presented by J.-L. Lions and E. Magenes in f3Tl Chapter 4, Section 2] following the approach by P. Grisvard lfj"5l . 

19 Spaces With Vanishing Traces 

In this section we characterize $p r,u and $ p r,w {J, V) by the vanishing of certain traces. In fact, we need to 

characterize those subspaces of 'S P U (J, V) whose traces vanish on Y even if Y ^ dM. More precisely, we 
denote by 

Kf" = the closure of V ( J, V(M\Y, V)) in^/^(J,F). (19.1) 

Note that = Sp^'" ■ By Theorem 1 8. 3 T ri) we know already 

r p /f ' e> = r p / ^ <3 , b<i/ p , (i9.2) 

and, trivially, 3p ' w = 3^ w if dM = and J = K. The following theorem concerns the case s > 1/p and 

(r,j)^(0,R). 
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Theorem 19.1 

(i) // T 7^ and k + 1/p < s < k + 1 + 1/p with k G N, then 

frj^ 2 = {ue $f' a ; dlu = 0, i < k }. (19.3) 

(ii) Assume r(£ + 1/p) < s < r(£ + 1 + 1/p) with £ G N. Then 

^((0, oo), 7) = { u G ^(R+,y) ; 9 t J = o« = 0, j < € }. (19.4) 

Swp/wse s < r/p with s > r(-l + 1/p) if IV 0. 7%en 3p Mt3 ((0, oo), V) = ^ /F ' l3 (R+, 7). 

Proof. (1) Let the assumptions of (i) be satisfied. Since d l n is continuous and vanishes on the dense subset 
T>(j, V(M\T)) offrjp'* it follows that the latter space is contained in the one on the right side of dl9.31 l. 

Conversely, let u G 5p satisfy d % n u = for i < k. Suppose a G T>(M U T, [0, 1]) and a — 1 in a neigh- 
borhood of r. Then 3p /f?,t3 and d^v = for i < k. We infer from (ITO . (fTF^fc . and ( ITOOt that 
7„ o 9J(</?p K w) = for i < fc and ntxtp G ^k$. Since 7 K = for k ^ £r it follows from @ Theorem 4.7.1] 

that K v G for KK^G^r^^- If K G ^\^r> then (Pp K V belongs to as well. Moreover, v vanishes 
near dM\T and $ s p % = $ s p {t, for k G J?\J!8m- Hence we deduce from Theorem|9~3lthat <p?v G ^,(3p /? ). Now 
part (ii) of that theorem guarantees v = ipp(tppV) G $p^ r ' w . Consequently, u G S^r'"- This proves claim (i). 

(2) Assume J = R+ and r(£ + 1/p) < s < r(£ + 1 + 1/p). As above, we see that 3p /r% "((0, oo), 7) is con- 
tained in the space on the right side of dl9.4t . 

Let u G &p i '' S (R + 7 V) satisfy d 3 t=0 u = for < j < £. We get from dTHlgt that d{ =0 ^{ip^ K u) = for 
j < £ and KKiy9 G J?x$. 

Suppose k G &\& d M- Then JU Theorem 4.7.1] implies (pf >K u G #p /r (X K x (0,oo),^). If k G iW> then 
we obtain the latter result by extending v K := <<5p. K w first from HP™ x R+ to R m x R + (as in Section 4.1 of J4)), 
then applying J4] Theorem 4.7. 1], and restricting afterwards to H m x R + . From this and Theorems 19 . 3 1 and 117.11 
we obtain 

e+{ip*u) G £ p ($ s/f, 0£ x R, E)). (19.5) 
Thus, using these theorems once more and the fact that, by (117. 9K commutes with ip", we find 

u = r+ oe+o^o tp*u = r+ o $ o e+ o G ff^> a ((0, oo), K). (19.6) 

This implies the first part of claim (ii). 

Assume s < r/p. IfdM = 0, then £>((0, oo), A/) =V( J,M). Hence 3£ /f,fi5 ((0, oo), V) = ^ M<3 (R+, F). 

Thus, by ( fT'Ol l, 5 r P /?,<3 ((0, oo) , V") = (R+ , V") for s < 1 /p and dM = 0. This shows that in either case 

s > r(—l + 1/p). Consequently, as above, we deduce $p /f (X K xJ,E) = $ s p % from Theorem 4.7.1(h)]. 
Now the second part of assertion (ii) is implied by (119.51 and (119.61 . □ 

20 Boundary Operators 

Throughout this section we suppose T ^ 0. 

For A: G N we consider differential operators on T of the form 

k k — i 

i=0 j=Q 

where bij ■ V J := (u n- bij ■ \7 J u), of course. Thus fej(V) is a tangential differential operator of order at most 
k — i. 
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In fact, we consider systems of such operators. Thus we assume 

• i;,r, 6 N with ro < • ■ ■ < Vk, 

• ai,n e Hand Aj el, (20.1) 

• Gi = (Gj , lid , Dc i ) is a fully uniformly regular vector bundle over T 

for < i < k. For abbreviation, 

Ui := (ri,ai,Ti, A 4 ), < i < k, u k := (i/ , . . . , Vk)- 
Then we define boundary operators on T of order at most by 

Bi(bi) := f>,-(6y) a i) n . L\ , i b, , ) : X fe«,< • V', 

3=0 £=0 

where b^ := (b^, . . . , bi Ti ) and 6y := (by-.o, ■ • ■ , bij, ri -j) with being time-dependent Horn (W, Gi)-valued 
tensor fields on T. To be more precise, we introduce data spaces for s > ri by 

<B s ij {T,G i )=<B a ij {T,G i ,v i ,p J ) := JJ B^O/r.^+n-^) ^ T ^ +i (T, Hom(#, G 4 ))) 

with general point (by ), and 

7"; 

<B 4 s (r,G 4 ) = sKr,^,^^) : J r.G,; 

whose general point is b;. 

Remarks 20.1 (a) For the ease of writing we assume that these data spaces are defined on the whole line M. 
In the following treatment, when studying function spaces on R + or (0, oo) it suffices, of course, to consider data 
defined on R + only. It follows from Theorem 1 1 7 . 2 1 that this is no restriction of generality to assume that the data 
are given on all of R. 

(b) It should be observed that everything which follows below remains valid if we replace the data space 
-Boo _r *^ r ^ A!+ri by B^ r ^ x * +r '~i'^ with s > s — — 1/p. The selected choice has the advantage that 
<8f (T , Gi ) is independent of p. □ 

Henceforth, I G { J, (0, oo) }. Given bi G *Bf (T, Gi), it follows from Theorem 116.21 by taking also Theo- 
rem |T9TTJii) into consideration if I = (0, oo), that 

Bijibij) e ^B^"-^/^^^/^^,^ (20.2) 
Hence, by Theorem |18.1| 

Bi(bi) e £(^ t3 (/,F),B( s - r -- 1 ^^( A+A ' +r - +1 / JJ -^(/,T T 7(r,G 4 ))). (20.3) 
Finally, we set G := G © ■ ■ • © G k , 

k 

<8 s (r, G) = <B s (r, G, fi) := J[ Q3f (T, G 4 ) 

4=0 

and 

8(6) := (B (6o),...,8 fc (6 fc )), b := (b ,...,b fe ) e <B s (r,G). 

The boundary operator Bi(bi) is normal if 6, ri := &i n .o is A^-uniformly contraction surjective, and 8(b) is nor- 
ma/ if each Bj(6i), < i < k, has this property. Then 

Q3^ orm (r, G) := { b e <B S (T, G) ; 8(b) is normal } . 
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It should be observed that T ^ dM, in general. This will allow us to consider boundary value problems where 
the order of the boundary operators may be different on different parts of dM. 

Lastly, we introduce the 'boundary space' 

k 
z=0 

The following lemma shows that it is an image space for the boundary operators under consideration. 
Lemma 20.2 If s > r k + l/p and b G 93 s (r, G), then 

B(b) G C(rf'*{I,V),dr xI rf'*{G)). 

The map B(-) = (b i— > B(b)j is linear and continuous, and Q3^ orm (T, G) is open in *8 s (r, G). 

Proof. The first assertion is immediate from (120. 3t . The second one is obvious, and the last one is a conse- 
quence of Proposition |14.8l □ 

Theorem 20.3 Suppose assumption ( 120.11 ) applies. Let s > r k + l/p and b G *8^ orm (T, G). Then B(b) is a 
retraction from r $ s J r ' ul {J, V) onto <9rx j3p^ r '"(G). There exists an analytic map 

B%-) : <B? lorm (r,G) £(d rxJ df- S (G),df^(J,V)) 

such that 

(i) B c (b) is a coretraction for B(b), 

(ii) 8i o B c (b) = for < j < s - 1/p with j <£ {r , . . . , r k }. 

If, J = M.+, then B c {b)g G 5j /f,,a ((0, oo), V) whenever g G d rx{0 ^p /F ' (G). 

Proof. (1) We deduce from Theorem |14.9| for < i < k the existence of an analytic map A1(-) from 

B££H* M ( J, T^(T, Rom(W, Gi))) 

into 

£(b(»-*-Vp)/*(a+a*+*-«+Vp,/0(j ) T%(T, G l )),B { p , - r *- 1 lrt/ p ' {x+r * +1 / p -^{J 1 V)) 

such that A^a) is a right inverse for Ai(a) := (u M> a ■ u). 
(2) Suppose b G Q3£ orm (r, G). For < i < k we set 

r»-l 

It follows from (12021 , step (1), and Theorem [T8Tl that 

C n (bi) G C{Tj ? > a {J,V),B p s - 3 - 1 /rtl ? ^ +r * +1 l^\j,V)) (20.4) 

and the map 6j — > C ri (£>i) is analytic. 
Let N := [s — 1/p}- and define 

N 

C = (Co, ...,C N )e C($ S J P '*(J, V), Y[ B ^- l - l M'^ x+t+1 '^\j, V) 



by setting C t := for < i < N with i (£ {r , . . . , r k }. 
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(3) Assume g = (g , . . . , g k ) G drx.j3p /r (G). Define 

N 



h = (h , ...,h N ) G Yl b(-*-Vp)/*',(A+<+i/p,m)(j j v) 
e=o 

by h ri := A^(bi ri )gi for < i < k, and h? := otherwise. 

By Theorem l 1 8 . 1 I there exists for j G {0, . . . , AT} a universal coretraction (7^) c for d 3 n satisfying 

dt hlY = 6* id, 0<£<j. (20.5) 

We put u := (7° ) c /i G ^^(J, V). Suppose 1 < j < N and uo, ui, . . . , Uj-i have already been defined. 
Set 

Uj := Uj -_! + ( 7 ^) c (fy + Cj-u^! - a^-t). (20.6) 
This defines uq, Ux,...,un € 3? (J, V). It follows from ( 120.5b and ( 120.6b 

= /ij + CjUj-i, < j < AT, (20.7) 

and 

c£ % = c£%_i, 0<£<j-l, l<j<AT. 

The latter relation implies 

diuj = d e n u n , 0<e<j<n<N. 
Hence, since Cj involves 9° , . . . , dfc~ 1 only, we deduce from (120.7b 

diu n = hj + C jUn , < j < n < N. 

If j = r,-, then we apply Ai(bi ri ) to this equation to find 

BiU n =g h n<n< N. (20.8) 

For < i < k we set G % := Go © • • • © G,; and i/' := (i/x, . . . , fj) as well as 6 1 := (bo, ■ • ■ , bi). Then it follows 
from d203) that 

B'\V) := (B (b ), . . .,Bi(bi)) G £(^ /r ~"(J,y),a r xj4 / ^(G i; ,^^)) (20.9) 

for r 4 + 1/p < t < s. We define B ic (b l ) by 

6 lc (6 i; )(. go ,...,5 4 ) :=«r*. 
It follows from (l204t . (l206t . and Theorem fTlJl that 

S 4C (6 l ) g £(arxj3* /r ^(G\^ ;Ai ),^/^(J,F)), r< + 1/p < t < s. (20.10) 
Furthermore, (120.8) and the definition of h imply 

B a (b a )B lc (b l )(g , . . . , 9i ) = B a (b a )BJ c (V)(g , ...,g 3 )=g a , 0<a<i<j<k, (20.11) 

and ();,B U i // :• = for < j < t - 1/p with j <£ {r , . . . , r k }. 

Now we set B c (b) := B kc (b). Then ( 120.9b and ( 120.111 ) show that it is a right inverse for B(b). It is a conse- 
quence of step (2) and ( 120.61 ) that B c (-) is analytic. Due to Theorem 1 18. H it is easy to see that the last assertion 
applies as well. □ 

There is a similar, though much simpler result concerning the 'extension of initial conditions'. 
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Theorem 20.4 Suppose < jo < ■ ■ ■ < ji and s > r(ji + 1/p). SetC := (d{l , . . . , d{i ) and 

e 

gs- r{j l +l/p),\+iJ,(j l +-L/v) (y^ .— TJQs-r(ji+l/p),X+n(ji+l/p)yy (20.12) 

Then C is a retraction from $p T '^ (R + , V) onto Bp 1 + 1 /p) (y"} t anc i there exists a coretraction C c 
satisfying d J t=0 oC c = Ofor < j < s/r - 1/p with j £ {jo,..., ji}- 

Proof. Theorem ll8.U ii) guarantees that C is a continuous linear map from (R + , V) into d20T2b . Due 

to that theorem the assertion follows from step (3) of the proof of Theorem l20.3l using the following modifications: 

hj i :~ gi for < i < £ and 

Uj := uj-i + (7t =0 ) C (^ ~ <9t=o u j-i) 
with U-i := 0. □ 

Now we suppose T ^ and J = K + . We write E:=Tx K + for the lateral boundary over T and recall that 
Mo := M x {0} is the initial boundary. Then £ n Mo = T x {0} =: To is the corner manifold over T. We 
suppose 

• assumption (120. U is satisfied, 

(20 13) 

• i £ N and s > max{r fe + 1/p, r{t + 1/p)}. 

We set C := dC Q := (<9 t ° =0 , d e t=0 ). Then, by TheoremEaH C is a retraction from £p /fV3 (R+, V) onto 

l 

B a-r(l+l/p),\+n(l+l/p) (yj ._ JJ BS-r(j+l/p),\+li(j+l/p)(yy 

3=0 

By Theorem|203] B(b) is for b £ B£ orm (I\ G) a retraction from ^ /f?,<3 (M+, V) onto dv&p*'* [G). We put 
^□^^•"(G) := 9s^ Ma (G) x B --(^+i/p).a+M^+i/p)(t/) 

andB(-) := (B(-),C). Then 

£(•) : ^ ori jr,G)^£(^(K+,F),a SU Mo^(G')) 

is the restriction of a continuous linear map to the open subset Q5* orm (r, G) of 55 s (r, G), hence analytic. 
However, 13(b) is not surjective, in general. Indeed, suppose 

< i < k, 0<j<£, s > n + 1/p + r(j + 1/p) =: r v} . 

Then we deduce from ( I20.31 l and Theorem ll8.1t ii) 

Co ° Bi(6) G £(^ a (R+, V), B s p - r «' x+x *+ r v (T% (T 0) G 4 ))). 
Furthermore, & (Bi(b)u) = of'(b)u, where 

a=0 

Theorem l 16.11 implies 

&- a bi £ Bf (T, G l5 (r< + r(j - a), a 4 , r<, A, + M (j - a)) , /i) . 
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From this and d20.31 > we infer that B\ (b) possesses the same mapping properties as d j o Bi(b). Set 

= fif (6, OK- := £ (^(Co^iK, ffj := («b. • ■ • . «i) 
with Uq e ^-'•(«+ 1 /p) i a+m( Q +i/p) ^ Then B (j) (0) is a continuous linear map 

J B|-r(a+l/p),A+M(a+l/p)^ ^ (T**(To, G*)) 

Q=0 

and 6 M> (0) is the restriction of a linear and continuous map to 23J orm (r, G). Furthermore, 

Co(Bi(6)«) = B^Ojfl^u, u e 8^(1*+ V). (20.14) 

We denote for b G (I\ G) by 

d^dp^iG) the set of all ( 5 , /i) G <9£uM #p M3 (G) satisfying the compatibility conditions 

for < i < fc and < j < I with r., + 1/p + r(j + < s. 

The linearity and continuity of dj =a and Sp'^(0) guarantee that 9^. b .^ r ' w (G) is a closed linear subspace of 

ds:uM : 5 > p r ' U1 (G). By the preceding considerations it contains the range of B(b). The following theorem shows 
that, in fact, $ s p /P ' S (G) = im{B), provided b G B^CT, G). 

Theorem 20.5 Let assumption (120. 1 3b be satisfied and suppose 

s i{r l + l/p + r(j + 1/p) ;0<i<k 7 0<j <£}. 

Then B(b) is for b G S* orm (r, G) a retraction from 3p r ' w (R + , V) onto 9J£j»3p (G). There exists an ana- 
lytic map 

&{■) : Q5J orm (r,G) -> £(a S uA/o^(G),^(K+,F)) (20.15) 
5Mc/i f/iof B c (b) I d^ b ^S s J r ' u (G) is a coretraction for B(b). 

Proof. By the preceding remarks it suffices to construct B c (-) satisfying (120.151 1 such that its restriction to 
dg( b \-5f/' '"(G) is a right inverse for B(b). 

By Theorem |20.3| there exists an analytic map 

B c (-) : Q5L rm (r,G)^£(9 s ^(G),^(ffi+,y)) 

such that 

vedrx^rJ^iG) B c (b)ve$f'*((0,™),V) (20.16) 

forbe^ orm (r,G). 
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Let C c be a coretraction for C. Its existence is guaranteed by Theorem l20.4l Given (g, h) <G &sum -Sp "(G) 
and b G *8f lorm (r, G), set 

£ c (b)(.9, fc) := C c /i + £ c (b)(<? - B(b)C c h) . 
Then S c (-) satisfies ( 120.15b and is analytic. Furthermore, 

B(b)(B c (b)(g,h)) =g. (20.17) 



We fix 6 € 93* orm (r, G) and write B = B{b) and B c = B c (b). For (.9, h) G $ s p /?,a {G) we set 

v:=g-BC c hed^f' a {G). 

Suppose < i < k. Then 

vt = gi - Bfi c h G fl|(''-'-*-Vp)/*'.(A+A 4 +ri+i/p,M)( R + j ^ 

where V£ := T^* (Gi). Let j'j € {0, . . . , £} be the largest integer satisfying r, + 1/p + r(ji + 1/p) < s. Then, by 
( 120141 . 

fl?=o«i = fl?=o5i ~ dt =0 (B t C c h) = 4 =o9i - B^(0)dCc c h = di =o9i - B^(0)h 3 = 
for < j < ji. Hence r(ji + 1/p) < s — i\ — 1/p < r(ji + 1 + 1/p) and Theorem ll9.1f ii) imply 

Vi G 4 s - n - 1/p)/r " (A+Al+n+1/p ^ ) ((0,oo),^). (20.18) 

If there is no such ji, then s — — 1/p < r/p. In this case that theorem guarantees (120.18) also. This shows 
that v € drx(o.oo)-Si/ r ' U1 (G). Hence CB c v = by ( 120.16b and Theorem 1 19. If ii) and since s > r(j + 1/p) for 
< j < i. Consequently, C(B c (b)(g, h)) = h for (g, h) G JSp*' S (G). Together with ( |20T7t this proves 
the theorem. □ 



Remark 20.6 Let assumption d20.ll ) be satisfied. Suppose 

r + 1/p < s < r/p, s {ri + 1/p ; 1 < i < k }. 

Then there is a lateral boundary operator B only, since there is no initial trace. Thus this case is covered by 
Theorem l20.3l 

Assume 

r/p < s < r + 1/p, s <£ { r(j + 1/p) ; l<j<£}. 

Then there is no lateral trace operator and we are in a situation to which Theorem 120.41 applies . 

Lastly, if —1 + 1/p < s < min{ro + 1/p, r/p], then there is neither a lateral nor an initial trace operator and 

$/ r ' a (M+ , V) - frj™ (R+ , V) . □ 

The theorems on the 'extension of boundary values' proved in this section are of great importance in the 
theory of nonhomogeneous time-dependent boundary value problems. The only results of this type available 
in the literature concern the case where M is an m-dimensional compact submanifold of R m . In this situation 
an anisotropic extension theorem involving compatibility conditions has been proved by P. Grisvard in lTT4l for 
the case where s G rN x , and in |[T31 if p = 2 (also see J.-L. Lions and E. Magenes ||3T1 Chapter 4, Section 2] 
for the Hilbertian case) by means of functional analytical techniques. If s = r = 2, then corresponding results 
are derived in O.A. Ladyzhenskaya, V.A. Solonnikov, and N.N. Ural'ceva ll30l by studying heat potentials. In 
contrast to our work, in all these publications the exceptional values + 1/p + r(j + 1/p) for s are considered 
also. 
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21 Interpolation 

In Section [8] the anisotropic spaces fi^ 7 ,w have been defined for s > by interpolating between anisotropic 
Sobolev spaces. From this we could derive some interpolation properties by means of reiteration theorems. How- 
ever, such results would be restricted to spaces with one and the same value of A. In this section we prove general 
interpolation theorems for anisotropic Bessel potential, Besov, and Besov-Htilder spaces involving different val- 
ues of s and A. 

Reminding that & = (1 - 0)£ o + 0£i for £ 0) £i £ K and < 9 < 1, we set uj e := (Xg, fi) for A , Aj G M. We 
also recall that (•, -) g = [-,-] g if$=H, and (•, -) g = (•, -) g p if$ = B. 

Theorem 21.1 Suppose — oo < sq < si < oo, Ao, Ai G K, awe/ < 9 < 1. 
(i) Assume s > -1 + 1/pif dM ^ 0. 7%en 



«p — [up 



r,wi\„ _L. f>Sg/r,Sg 
'8,p — -°p 



(ii) Tjf s > 0, ?/ie« 



and 



\p>so/r,<2o DSi/r,(3i] j_ r>s a /f,Lu e 
l u oo J "oo Jw "oo 



(21.1) 
(21.2) 



Proof. (1) Let X be a Banach space and <5 > 0. Then SX := (X, || -\\gx)> where ||x||,5x : = ll^ -1 ^!!^ for 
x G X. Thus SX is the image space of X under the map x n- Sx so that this function is an isometric isomorphism 
from X onto SX. 

Assume Xp is a Banach space and 6p > for each j3 in a countable index set B. Then we set SX := Yip SpXp 
and Sx := (Spxp). Hence S := (x n- Sx) G £is(_X", SX). 

Let (Xo, Xl) be a pair of Banach spaces such that Xj is continuously injected in some locally convex space 
for j — 0, 1, that is, (Xq, X±) is an interpolation couple. Suppose {■, -} g G {[-, -] g , (■, -) g }. Then interpolation 
theory guarantees 



{SoXo^xXxjt 
(e.g., J50J formula (7) in Section 3.4.1]). 



Si{Xo,Xi}t 



S , Si > 0, 



imply, due to Theorem |9.3l that the diagram 



(21.3) 



(2) Let J = ffi. and s > -1 + l/p if dM £ 0. Put f := A - A . Then p£„ = and </£ K = P^V^ 




is commuting. Hence ip p ° is for each s a retraction from £ p (p ) onto 3p , and ip^ is a coretraction. 

(3) Let £ := Ai — Aq. By Theorem |9.3| and the preceding step each of the maps 



so/f\ 



*s /f,i3o 

Up ) 



t P (p- c r P i/i ) -+ 5; 



s±/r,ijj± 
P 
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is a retraction, and (pp° is a coretraction. Thus, by interpolation, 

r p ° ■ {t P (K° /r ^t P (P~% l/,f )}e -+ W^&J^e ( 2L4 ) 
is a retraction, and <Pp° is a coretraction. From ||50] Theorem 1.18.1] and (121.3) we infer 

{i P (r p o/ %e p (p-%^)} e = i P ( P - e H$; o/P >K l/r ~}e)- ( 21 - 5 ) 

(Recall the definition of (E, F) g after (HQ).) Suppose dAI = 0. Then formulas (3.3.12) and (3.4.1) and 
Theorem 3.7.1(iv)] imply 

r p )L% = Kf, H;f) e , p = B;f = [B;f, b;^%. (21.6) 

This is due to the fact that, on account of 2J Corollary 3.3.4 and Theorem 3.7. l(i)], the definition of $ p (k for 
s < used in that publication coincides with the definition by duality employed in this paper. 

IfdM 0, then it follows from s > — 1 + 1 Iv and Theorem 4.7. Kii) of Bl by the same arguments that (121.61 ) 
holds in this case as well. 

Thus, in either case, due to (fUl-lEElll ip*° is a retraction from £ P (p^dp /P ) onto (Sp ^'* , Sp 1 ^'" 1 )g 

and onto [^p ^ 7 "'^ ,^Sp 1 ^ r ' u ' 1 ]e, and ipp° is a coretraction. On the other hand, we infer from step (2), setting 

£ = 6>(Ai - A ), that V>g° is a retraction from t p {p- Z$ s p e/F ) onto $p /? ' a \ and tpf° is a coretraction. This 
implies the validity of ( 121.1b if J = R. The proof for (121.2) is similar. 

(4) Assume J = M + . In this case we get assertion (i) by Theorem II 7. U i) in conjunction with what has just 
been proved. 

(5) Set £ = Ai — Ao- Then as above, we infer from Theorem 1 1 2 . 8 1 that ip 1 ^ is a retraction from £ aD (B s ^ r ) 
onto B^ /F ' S " and from i^p-^B^) onto B^ /P ' Q \ and is a coretraction. Hence 

V&° : [4o(B£ /i Voo(p-*B£ / % B^*]* (21.7) 

is a retraction, and is a coretraction. 

We use the notation of Sections [U] and rjj Then, setting B^ F (M x J, p^-E) := n« #^ ? (M X J, p~ f E), 
it is not difficult to verify (cf. Lemma fl 1.12) that 

/ e Ci S (B^(M x J,t 00 {p-*E))Mp- tL B'£)) (21-8) 

for s > 0. Hence we deduce from (121.7) that the map ^!^° = -0^ o / 

[5^(M x J,4o(£)),B^(M x J.^p-^))], ^ [i?S /f? ' a °, B^* 1 ]* (21.9) 

is a retraction, and $^ is a coretraction. 

(6) Set &g := { n G .ft ; p K < 1 } and.fti := ft\.fto. Let X K be a Banach space for k G .ft and set X := J\ K X K 
and X 3 := Y[ KeJi , X K as well as ^(X) := t^Xj) for j = 0, 1. Then 4o(X) = ^(X) © ^(X). Conse- 
quently, 

B^(M x J,^(p-^)) = B^(M x J4Up~ n E)) £^(M x J, e^p-" E)) (21-10) 
for? ? G {0,£}. 

(7) PutF := S^ ? (M x JJ^ip-tE)) mdY 1 := B^ ? (M x J,^(J5)). It follows from p K < 1 forK G i?o 
that li <^-> lo- Define a linear operator Ao in Y$ with domain Yi by Aqu = p~*u. Then Ao is closed, — Ao con- 
tains the sector SV/4 in its resolvent set and satisfies || (A + Ao) _1 ||£(y ) < c/|A| for A E S^u. Furthermore, 

||Mo)*IU(n) < sup p~^ cz < 1, Rcz < 0. 
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Hence Seeley's theorem, alluded to in the proof ofTheorem lll.il implies 

[B^(M x J,C(£)),i?^(M x JJ oo (p^E))] e = [Yo.lih-e 

iBf(MxJ,4(p-«B)), 

due to the fact that the space on the right side equals, except for equivalent norms, dom(Aj~ 6 ') equipped with the 
graph norm. 

(8) Set Z Q := B S J?(M x JJ^E)) and Z x := B S ^ F (M x JJ^ip^E)). Then p K > 1 for k G £i implies 
Z\ Zq. Define a linear map A\ in Zq with domain Z\ by A\u := p^u. Then Ai is closed and satisfies 

||(A + ^i)- 1 || £(Zo) < c/|A| for A G SV/4 as well as 

IK-^i)IU(Zo) < sup P i Rcz < 1, Rcz < 0. 

Thus, using Seeley's theorem once more, 

[B^(M x J 7 11(E)) ^^(U x J,4(p-^))] = B^(M x J,£l(p-^E)). (21.12) 
Now we deduce from J21.10HI21.12> that 

[B S ^(M x J.^^.B^M x ^^(p-^))]^ = £^f(M x J, ^(p-^ E)) . 
Thus d2L9l l shows that 

: Bf(MxJ,^(p-^)) -> 
is a retraction, and is a coretraction. Hence ( 112. 23> and ( 121. 8> imply that 

C : ^oo(p~^B^) -+ [B%/ ? ,B%!% 

is a retraction, and ip 1 ^ is a coretraction. From this and the observation at the beginning of step (5) we derive that 
the first part of the second statement is true. 

(9) By replacing in the preceding considerations by ^oo.unif an d invoking Theorem ll2.10l instead of Theo- 
rem |12.8| we see that the second part of claim (ii) is also true. □ 

For completeness and complementing the results of ||5] we include the following interpolation theorem for 
isotropic Besov-Htilder spaces. 

Remark 21.2 Suppose < s < si, An, Ai € E, and < 8 < 1. Then 

[DSq.Ao rjsi,Aii _i_ T3S$,Xe r^so.Ao t«i,Ai] _i_ us e ,X e 

Proof. This follows from the above proof by relying on the corresponding isotropic results of Sections [TT] 
andH2] □ 

Throughout the rest of this section we suppose 

• IV 0. 



• assumption ( 120. 1> is satisfied. 

• s > r k + l/pand6 G 9SJ orm . 
. B = (B ,...,B k ):=B(b). 



(21.13) 



Let I G { J, (0, 00)}. For -1 + 1/p < s < s with s ^ { + 1/p ; < i < k } we set 

K^i 1 ) ■= { u e 3^(1) - ^' a (/, 7) ; B iU = for r ?; < s - 1/p}. 
Thus ^"(/) - 3^(7) if a < fc + 1/p. 
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Suppose b is independent of t. Then we can define stationary isotropic spaces with vanishing boundary 
conditions analogously, that is, 

K',B := { u e %p\ V ) J B > u = for r, < s - 1/p }. 
Theorem 21.3 Let ( 121.13b be satisfied. Suppose — 1 + 1/p < sq < s± < s and < < 1 satisfy 

s ,si,se £ {n + 1/p ; < i < fc} 

anif Ao, Ai € R. 77ie« 

(^^a),^ 3 ^), = Kf' ae W = [Kf'^WXi^We ( 21 - 14 ) 

and 

7f b is independent of t G K, f/ien 

l"p,B >"p,B )8 — "p,B — L"p,S ifp,B J8 

ant/ 

Proof. Theorem 120. 3 1 guarantees the existence of a coretraction 

B c G £(arx/^ /r ~"(G),^/^"(/)), r fe + 1/p < « < s. 

Hence B C B G CC&j/ 1 '"(-0) is a projection. Note that S C S depends on b and the universal extension opera- 
tors (120. 5t only. Thus we do not need to indicate the parameters s, A, and p with + 1/p < s < s which 
characterize the domain $p r,u (I) . 

Taking this into account and using the notation of the proof of Theorem |20.3l we set Xg :— ^S P ^ r,u)l {I) for 
£ & {0,1,6} and, putting r^+i := oo, 

f ide, s t < r + 1/p, 

P e := < (21.15) 
\iAg-B lc B\ n + l/p<sg<r l+1 + l/p. V ' 

Since Xg <^-> D(J,T>)' the sum space Xq + X\ is well-defined, that is, (X§,X\) is an interpolation couple. It 
follows from (|2D^ - j20TB that P € £(^o + ^i) and Pg G £(X £ ) with P 1 = P £ for £ G {0, 1,0}. 

Theorem 12 1 . 1 1 guarantees (Xo,Xi)g = Xq. Theorem 120.31 definition ( 121. 15t , and [2 , Lemma 1.2.3.1] (also 

see J4] Lemma 4.1.5]) imply that Pg is a projection onto X^b Sp's"'"* (-0 f° r £ € {0> 1)0}- Thus it is a 
retraction from Xg onto X^g possessing the natural injection X^g ^ Xg as a coretraction. Consequently, Pg is 
a retraction from Xq = (Xo,Xi)g onto (Xq,b> Xi,b)8- From this we get (Xo i B,Xi j g)e = Xgg. This proves 
the first equivalence of (|21.14| i. The remaining statements for the anisotropic case follow analogously. 

Due to the observation at the end of Section[l4]it is clear that the above proof applies to the isotropic case as 
well. □ 

There is a similar result concerning interpolations of spaces with vanishing initial conditions. For this we 
assume 

• £Jo, ■ ■ ■ ,h G N with j < ji < ■■ ■ < jg. 

(21.16) 

. C:={&>l ,...,S>L Q ). 
Then, given s > — 1 + 1/p, we put 

r p £*(R + ) :={ue 3^ a (R+) ; d{L u = if r& + 1/p) < a }. 
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Theorem 21.4 Let ( 121.16b be satisfied. Suppose — 1 + 1/p < sq < si and 9 E (0, 1) satisfy 

8o,8i t 8 $ {r(ji + l/p); 0<i<£} 

and Ao,Ai E R. 77zen 

(5;: c /r '*(i + )j;; c /FA (M+)) 9 = ^ /fA (i+) = 

ant/ 

tf^n.^f'r)),, = s;: c / ^ 8 (k + ). 

Proof. This is shown by the preceding proof using Theorem 120. 41 instead of Theorem l20.3l □ 
Now we suppose, in addition to ( 121.13b . that I E N and s > r(£ + 1 /p). Then we set 

K 'T -i uG 5p /? ' <3 (IK + ) ; Bui = 0, Co^ = if n + l/p + r(j + 1/p) < s } 

if max{ro + 1/p, r/p} < s < s and s ^ { r, + 1/p + r(j + 1/p) ; < i < k, < j < I }, 

if ro + 1/p < s < r/p and s ^ { r, : + 1/p ; 1 < i < fc }, 

if r/p < s < ro + 1/p with s ^ { r(j + 1/p) ; 1 < j < I }, and 

r/J-:=^(R+) 

if — 1 + 1/p < s < max{r + 1/p, r/p}. 

The following theorem is analogue to Theorem 121.31 It describes the interpolation behavior of anisotropic 
function spaces with vanishing boundary and initial conditions. 

Theorem 21.5 Let assumption (121.13b be satisfied. Also assume £ EN and r(£+ 1/p) < s. Suppose 
— 1 + 1/p < So < S\ < s and < 9 < 1 satisfy 

so, si, s 9 i { n + 1/p + r(j + 1/p), n + 1/p, r(j + 1/p) ; < i < k, < j < I } 

and Ao, Ai 6 K. 77ien 



and 



p,£S p.D p,B p,£S p,B 



/tts /t,S rrsi/r,t3i\ ^jjse/r,ue 
^ pM ' p,S " pj 

Proof. This follows by the arguments of the proof of Theorem 12 1.31 by invoking Theorem 120.51 and Re- 
markESl □ 

The preceding interpolation theorems combined with the characterization statements of Section [19] lead to 
interpolation results for spaces with vanishing traces. For abbreviation, ^^'"(I) = dt/r^i^-^ ^0> etc - 
Theorem 21.6 Suppose -1 + 1/p < s < s± < oo, < 9 < 1, and Ao, Ai E K. 

(i) // s , si, s e ^ N + 1/p f/?e« 
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and 



(ii) Assume so, si, sg </ r(N + 1/p). Then 

(^(0,oo)j; i / ? ' Sl (0,oo)) 9 =^/^(0,oo) = [^/ F ^(0,oo),^/^(0,oo)] ( 

and 

(H p so /^(0,oo),ff p si /^(0,oo)) eij) = B^/^(0,oo). 

(iii) Suppose sq, b\, sg ^ N + 1/p w/f/z sq, si, sg ^ r(N + 1/p) if J = R + . TTien 



and 



:tfp )0 — tip — IVp iflp J 



Proof. To prove (i) we can assume si > 1/p, due to Theorem l8.3f ii). Hence k := [si — 1/p]- > 0. Set 
B := (9° , . . . , <9£) on T x J. Then Theorem fT9Tl i) guarantees 3^'^ (J) = S^g^ (•/) for j E {0, 1, 9}. 
Hence assertion (i) is a consequence of Theorem 12 1 . 1 1 The proofs for claims (ii) and (iii) follow analogous 
lines. □ 



Since, in ( 18.51 ), the negative order spaces have been defined by duality we can now prove interpolation theorems 
for these spaces as well. 

Theorem21.7 Suppose — oo < s Q < si < 1/p, < 9 < l,and\ ,\i € R. Assume So, si, sg ^ — N+l/p 
and, if J = R + , also sg, s±, sg ^ r(— N + 1/p). Then 

\-Op ,V p )8 — Vp - [Up iVp \9 

and 

lfJS /r,Gj a rrsi/r,(3iN _j_ r,sg/r,Q a 
yn p , n p )g. p — o p 

Proof. This follows easily from Theorem 12 1.6f iii). the duality properties of (•, ■)„, and Theorem l8.3f ii) and 
Corollary|13Iii). □ 



Suppose M is an m-dimensional compact submanifold of R m with boundary and W = M x C" . In this 
situation it has been shown by R. Seeley |44| that 

[L p ,H^ B ] e = H°° B , s>0, (21.17) 

with B a normal system of boundary operators (with smooth coefficients). This generalizes the earlier result 
by P. Grisvard |[15l who obtained (121. 171 in the case p = 2 and n = 1. The latter author proved in |[T6l that 
(L p , W pB )g tP = B p k B and (L p , B p B )g, p = B p s B for k <G N x and s > 0. An extension of these results to arbitrary 
Banach spaces is due to D. Guidetti fPTl . In each of those papers the 'singular values' N + 1/p are considered 
also. (If s £ N + 1 /p, then H p B and B p B are no longer closed subspaces of H p and B p , respectively.) 

Following the ideas of R. Seeley and D. Guidetti we have given in (4j Theorem 4.9. 1 ] a proof of the anisotropic 
part of Theorem 12 1.3 1 in the special case where M = H m and J = R, respectively M = R m and J = R + (to 
remain in the setting of this paper), W = M x C™, and B has constant coefficients. The proof given here, which 
is solely based on Theorem 120.31 and general properties of interpolation functors, is new even in this simple 
Euclidean setting. 
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22 Bounded Cylinders 

So far we have developed the theory of weighted anisotropic function spaces on full and half-cylinders, making 
use of the dilation invariance of J. In this final section we now show that all preceding results not explicitly 
depending on this dilation invariance remain valid in the case of cylinders of finite height. 

Throughout this section 

• J = R+, 0<T<oo, J T :=[0,T]. 
Furthermore, 3p r '"(J) = #p "(J, V) etc. 

For k G N we introduce W p kr ^ r (Jt) by replacing J in definition (18. It by Jt- Then ^ s J r ^ ' (Jt) is defined for 
s > analogously to (18.31 . Similarly as in (119.1b 

Kir "( j t) is the closure of Z>((0, T],V(M\T, V)) in ^"(Jt) for s > 0. 

Moreover, 

$f>*(J T ) := J X ), 3^(0, T] := a ( J T ). 

Note that we do not require that u G dpr' U '(^ T ) approaches zero near T. To take care of this situation also we 
define: 

3; /fV3 (0, T) is the closure of X>((0, T), V) in ^ /F,<3 ( Jt). 

Then 

:= ($f' S {(0,T),V>))', s > 0, 

and 

H° p /r>*(J T ) := L P (J T ,L$), B Q /^(J T ) := (5 p - s W/^(J T ),^W/^(J T )) 1/2p . 

This defines the weighted anisotropic Bessel potential space scale \Hp T,u ( Jt) ; stK] and Besov space scale 

[B s p /F ' a (J T ) ; s G R] on J T . 

As for Holder space scales, BC kr ^ r '^ '(Jt) is obtained by replacing J in dl2.12t and ( 112. 1 3b by J^. Then 

bc kr l ? ^ '(Jt) is the closure of 

BC°°^(J T ) := p| BC tr/p '*(J T ) 

iGN 

in BC kr l r Jt). Besov-Holder spaces are defined for s > by 

f (6c fcr/r ^(JT),&c (fe+1)r/F ' <3 (J T )), , w , kr < s < (k + l)r, 
°° \(&c fc ^(J T ),6c( fc+2 )^(J T )) 1/2 ^, S = (fc + l)r. 

Moreover, b s ^' a (J T ) is th e closu re of BC°°/ f ' 3 (J T ) in B s Jf^(J T )- Lastly, 6^ ,<3 (0,T] is obtained by substi- 
tuting (0, T] for (0, oo) in ( fT7TT0b and ( fTTTB . 

Given a locally convex space X, the continuous linear map 

r T : C(J,X) -> C(J T ,#), u^ii|J T 

is the point-wise restriction to Jt- As usual, we use the same symbol for and any of its restrictions or (unique) 
continuous extensions. 

Theorem 22.1 Let one of the following conditions be satisfied: 

(a) s G R and = 3j/* a ; 

OS) s > and © G {B s Jf' S , b s Jj>*}; 

( 7 ) jfc G N and © G {SC fcr/ ^ t3 , bc kr/p ^}; 

(S) s>0 and = ^p . 
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Then tt is a retraction from ©(J) onto ©(Jt) possessing a universal coretraction er- It is also a retraction 
from 25(0, oo) onto (0, T] with coretraction ex if either s > and © = b s J Q r ' UJ or k £ N and © = bc kr / r ' u . 

Proof. (1) Suppose k g N. It is obvious that 

r+ g C(W kr/ ^{J),W kr/r ^(J T )). 

Thus we get r + e £(©( J), ©( Jt)) if (a) is satisfied with s > by interpolation, due to the definition of 
5^(1) for /€ {J, Jt}. 

(2) It is also clear that r+ g C{BC kr ' f ' a { J), BC fer / f? ' a ( J T )) for fc g N. Hence 

r+ g £(BC* oo/f '^(J),BC* oo/f? ' i:3 (JT)). (22.2) 

From this we obtain 

r+ e£(©(J),©(J T )) (22.3) 

if either (/3) or (7) is satisfied. In fact, this is obvious from ( 122.2b if (7) applies. If s > and © = B%l r ' u , then 
(122.3b is obtained by interpolation on account of (112.21b . Corollary 112. 9f ii). and (122.lt . From this and (122.2) it 
follows that ( 12231 is valid if 25 = b s Jf' S , due to (112.241 and the definition of bc s / F - a {J T ). 

Clearly, r+ maps X>( J, X>(M\r, V")) into P((0, T], P(M \I\ V)). From this and step (1) we infer that fl223j 
is true if (8) applies. It is equally clear that r+ g £(©(0, 00), ©(0, T)) if either s > and © = 6^ r,u or k e N 
and © = bc kr /^ a . 

(3) We set 8 T (t) := t + T for t g R. We fix a g Z>((-T, 0], R) satisfying a(i) = 1 for -T/2 < t < and 
put /?it(i) := a8* T u(t) for i < and it : J T -> C(V). It follows that /? g £(©( J T ), ©(-K+)), provided s > 

if (a) holds. Indeed, this is easily verified if © is one of the spaces Wp r ^ r,u and BC kr / r,u . From this we get the 
claim by interpolation, similarly as in steps (1) and (2). 

(4) We recall from Section \T7\ the definition of the extension operator e~ associated with the point-wise 
restriction r~ to — K + . Then we define a linear map 

e T ■ C(J T ,C(V)) -*C([T,oo),C(V)), u^8*_ T (e-^u). 

Finally, we put eTu(t) := u(t) for t £ Jt and eTu{t) := £Tu(t) for T < t < 00. It follows from step (3) and 
Theorems \1TA\ and [TT2j that 

e T e £(©(Jt),©(J)) (22.4) 
if one of conditions (a)-(7) is satisfied, provided s > if (a) applies. 

Since a is compactly supported it follows from (117.1b that £j-u is smooth and rapidly decreasing if u is smooth. 
By the density of T>([T, 00), T>(M\T, V)) in the Schwartz space of smooth rapidly decreasing T>(M\T, V)- 

valued functions on [T, 00) we get er« € ■&t/r' U (J) if M G ^Jv" {Jt)- From this we see that ( 122.4b holds if 
(8) is satisfied. It is obvious that tt^t = id- Thus the assertion is proved, provided s > if (a) is satisfied. 

(5) As in ( 117.5b we introduce the trivial extension map : Ciq\ (— M. + , X) —> C(R, X) by e^'ti(f) := u(t) 
if t < 0, and e u(t) := if t > 0. Then 

7-q :=r"(l -e+r+) : C(R, A") -> C (-M + , A") 

is a retraction possessing e$ as coretraction. We also set ro,T := <5* T r o"^T e o"- Then 

r ,r(Z>((0,r),Z>)) CZ>((0,oo),£>). (22.5) 

The mapping properties of e + and r + described in Theorems 117. II and 117.21 and the analogous ones for r~, 
imply, similarly as above, that 

r ,T g C(Tf' a {J), Tj^iJr)) , s > 0. 
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Consequently, we get from ( 122. 5i 

ro,T € £(^(J),^(0,T)), a > 0. 

We define e ,T : £>((0,T),£>) -> X>((0,oo),£>) by e /ru|JT := u and eo, T w|[0,oo) := 0. Then e ,T ex- 
tends to a continuous linear map from 5p W (0,T) into $%/ r,u (J) for s > 0, the trivial extension. Moreover, 
r o.Teo,T = id. Thus ro.r is a retraction possessing eo.r as coretraction. 

(6) Lets > 0. Foi-m G V(J,V) and ip G V((0,T),V(M,V')) we get 

/ / (<p, r T u) v dV g dt = / / (e ,Tf,u) v dV g dt. 
Jo Jm Jo Jm 

Hence, by step (5) and the definition of the negative order spaces, 

\{<p,r T U) M xj\ < c\\tp\\ r /T,z { j T yi) ||u|| ff -./f,a (J) 

for u G dp 8/fW (J) and ^ G ^^((O, T), 1/'). Thus 

r T G£(^- s /^(J),^ s /^(Jr)). 

(7) For v G C(— J, P) we set 

£~u(i) := / h(s)v(-st)ds, t>0. 
Jo 

Then, given 93 G £>((0, oo),X>(M, V'))> we obtain from h(l/s) = -sh(s) for s > and JTHl 



OO /"OO 



< ¥ 7(t),e-u(t)) M di= / / (ip(t),h(s)v(-st)) M dsdt 
Jo Jo 

f 00 

t^r x ^{-rls)h{s), v{t)) m ds dr 



-00 Jo 
,.00 



(22.6) 



a 1 ( x Lp(—T<r)h(l/<j) 7 v(T)') AI dcrdT 
M h(a)(p(-aT)da,v(T)^ dr = - / (etp,v) M dT. 



00 

, /.OO 



00 VO 



Thus, by the definition of ex, given u G V(Jt,T>), 

(cp,eTU)M dt = / (Lp,u) M dt+ / (93, (51 T e _ a<5yu}M di- 
Jo Jt 

The last integral equals, due to e~w(t) = s~w(t) for t > and (122. 6l l, 

) pO 

(S^ip,e~aS^u)M dt = — / (eS^ip,aS^u)M dt 

pT poo 

= -/ / (h{a)ip(-a(s-T)+T)da,a(s~T)u(s)) M ds 
Jo Jo 

since a is supported in (— T, 0]. From this we infer as in steps (3) and (4) that, given s > 0, 
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for if e P((0,oo),X>(M, V')) andu e T>(J T ,V). Thus 

eT££fe s/M (JT),5; /M (J)) 

for s > 0. This and step (6) imply that the assertion holds if (a) is satisfied with s < 0. 

The case s = and 5 = H is covered by step (1). If s = and J = -B, we now obtain the claim by interpola- 
tion, due to the definition of Bp "(I) for / <G {J, Jt}- d 

Corollary 22.2 Suppose s > 0. There exists a universal retraction ro,T from $p r,u ( J) onto ^Sp^ {Jt) such 
that the trivial extension is a coretraction for it. 

Proof. This has been shown in step (5). □ 

As a consequence of this retraction theorem we find that, modulo obvious adaptions, everything proved in the 
preceding sections remains valid for cylinders of finite height. 

Theorem 22.3 All embedding, interpolation, trace, and point-wise contraction multiplier theorems, as well 
as the theorems involving boundary conditions, remain valid if J is replaced by Jt- Furthermore, all retraction 
theorems for the anisotropic spaces stay in force, provided (p^ and ip^ are replaced by ip 1 ^ o and tt ° ipq, 
respectively. 

Proof. This is an immediate consequence of Theorem 122. 1 1 and the fact that all contraction multiplication 
and boundary operators are local ones. □ 
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